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PREFACE 


My father had spent most of his spare time since 
the War in writing this book. Only two -months 
before his death, while on our summer holiday in 1924, 
he had brought some of the chapters with him, and 
sent off the final draft of them to the Clarendon Press. 
Even on these holidays, which he greatly enjoyed, we 
were all accustomed to a good deal of work, and it 
was an unexpected pleasure to find that with these 
once dispatehed to the press he took an unusually 
complete holiday. 

While rejoicing that he was so far able to com- 
plete the book, we are sorry that a last chapter or 
appendix in which he was greatly interested was 
hardly begun. Apparently this was to deal with the 
connexion between the rest of the book and Einstein’s 
theory. To the mathematical world his interest in 
this was shown by his Presidential address to the 
London Mathematical Society in 1920—to his friends 
by the delight he took on his frequent walks in trying 
to explain in lucid language something of what 


Einstein's theory meant. 


vi PREFACE 


We cannot be too grateful to Professor Elliott, 
F.R.S, an old friend of many years standing, for 
preparing the book for the press and reading and 
correcting the proofs. No labour has been too great 
for him to make the book as nearly as possible what it 
would have been. And the task has been no light one. 

We should like to thank the Clarendon Press for 
their unfailing courtesy and for the manner in which 


the book has been produced. 


J. M. H. C. 


Christmas 1925. 


EDITORS NOTE 


My dear friend the author of this book has devoted 
to preparation for it years of patient study and inde- 
pendent thought. Now that he has passed away, it 
has been a labour of love to me to do my best for him 
in seeing it through the press. As I had made no 
special study of Differential Geometry beforehand, and 
was entirely without expertness in the methods of 
which Mr. Campbell had been leading us to realize 
the importance, there was no danger of my converting 
the treatise into one partly my own. It stands the 
work of a writer of marked individuality, with rather 
unusual instincts as to naturalness in presentation. 
À. master's hand is shown in the analysis. 

Before his death he had written out, and submitted 
to the Delegates of the University Press, nearly all 
that he meant to say. An appendix, bearing on the 
Physies of Einstein, was to have been added; but 
only introductory statements on the subject have been 
found among his papers Unfortunately finishing 
touches, to put the book itself in readiness for printing, 
had still to be given toit. The chapters were numbered 
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in an order which, rightly or wrongly, is in one place 
here departed from, but they stood almost as separate 
monographs, with only a very few references in general 
terms from one to another. To connect them as the 
author would have done in due course is beyond 
the power of another. The articles, however, have 
now been numbered, and headings have been given to 
them. Also some references have been introduced. 
The text has not been tampered with, except in details 
of expression ; but a few foot-notes in square brackets 


have been appended. 


E. B. E. 
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CHAPTER I 
TENSOR THEORY 


$ 1. The n-way differential quadratic form. Let us 
consider the expression 


A, dada, t= l..u (1.1) 
which is briefly written for the sum of n? such terms, obtained 
by giving to i, k independently the values 1, 2, ... n. If, for 
instance, n = 2, the expression is a short way of writing 
ddz? + 2u,,dxr, dx, +4 dež ; 
for we are assuming that 
Gu = ye (1.2) 
Let us also denote by a™ the result of dividing by a itself 
(—1)'** times the determinant obtained by erasing the row 


and the column which contain a, in the determinant 


dir +++ Cin 


a= 
ny “ee Ann (1 ° 3) 
The coefficients a,,... are at present arbitrarily assigned 
functions of the variables 2,...2,, limited only by the 
condition that a is not zero. 
When we are given the coefficients a;, 
arguments, there must exist " functions 
Xe Xp T— dn (na 1), 
of the variables z, ... £n, such that 


as functions of their 





AXi+...4¢dX? =a,,da,day,. (1.4) 
The differential equations which will determine these 
funetions are 3X.2X 
P P = ay. (1.5) 
OX; 02}, th 


Aust as in the expression a,,dx,da,, the law of the notation 
is that, whenever a suffix, which occurs in one factor of 
2843 B 
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a product, is repeated in another factor, the sum of all such 
products is to be taken, so here the above differential equation 
is the short way of writing 

dX, 2 X, 3X,9X, — 


vee = (1.6 
On; òT; 04 n, ) 





a 








ik * 


As there are just as many unknown functions as there 
are differential equations to be satisfied, we know that the 
functions X,... X, must exist. The actual solution of this 
system of differential equations is, however, quite another 
matter, and questions connected with the solution form a chief 
part in the study of Differential Geometry. 


$ 2. The distance element. Euclidean and curved spaces. 
If we regard z,...%, as the coordinates of a point in an 
"-way space, then, X,... X, being functions of m, ...2,. we 
may regard this space as a locus in r-way Euclidean space; 
and we may regard ds as the distance between two neighbour- 
ing points £j... En and a-da,...c,4-dox,, where ds is 
defined by ds? = cg dada. (2.1) 

Thus, if n = 2, the two-way space given by 

ds? — tip da da, 
lies within our ordinary Euclidean space, and it is with this 
space that Differential Geometry has bitherto been chiefly 
concerned. 

If n = 3, the ‘curved’ three-way space lies, in general, 
within a Euclidean six-way space. If, however, the coefficients 
jz, instead of being arbitrarily assigned functions of their 
arguments 24, 2,, $4, satisfy certain conditions, the Euclidean 
space may be only a five-way space, or even only a four-way 
space. In yet more special cases the three-way space may 
not be ‘curved’ at all, but only ordinary Euclidean space 
with a different coordinate system of reference. 

If n = 4, the curved four-way space lies, in general, within 
a Euclidean ten-way space, and so on. 

We know what a curved two-way space within a Euclidean 
three-way space means, being a sur'ace: but what does 
a ‘curved’ three-way space mean? We have not, and we 
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cannot have, a conception of a four-way space, Euclidean or 
otherwise, within which the three-way space is to be curved. 
But by thinking of the geometry associated with the forin 


dg? = a, daz? + 2«,, dad, + aade? (2.2) 
we say that it is that of a curved two-way space; and we 


know that it is, in general, different from the flat Euclidean 
plane geometry associated with the forin 


ds? = da? + dež. (2.3) 


We can distinguish these two geometries without any 
reference to the Euclidean three-way space, or any other 
three-way space. This distinction we, with our knowledge 
of a three-way Euclidean space, characterize by saying that 
the first space is curved and the second flat, or Euclidean. 

This is what we mean when we say that the space given by 


ds? = ag das da (2 4) 
is, in general, a curved space, whilst that given by 
ds = dX? 4... 4X2 (2.5) 


is a flat space. We shall find that a geometrical property 
will be associated with a curved space, which will distinguish 
it from a flat space. 

If we have no real knowledge of a spaco of more than 
three dimensions, we have at least no knowledge that it does 
not exist: and, by analogy from our knowledge both of 
a two-way space and a three-way space, we are able to make 
use of the ideas of higher space to express analytical results 
in an interesting forin. 

The space in which wo live may, or may not, be flat or 
Euclidean. Up till quite recently it has been assumed to be 
flat, and the geometry which has been built up has been 
that associated with the form 

ds? = da? + da? + dj. 

The geometry which we wish to know about to-day would 

be that associated with the form 
ds? = ay, da,da,, $—1...4, 
where @,...%, are functions of the three variables which 
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locate an event in space, and a fourth variable which locates 
it in time. 

The geometry of Euclidean space is much simpler than the 
geometry associated with the more general form, and its 
properties have been more studied. It may therefore be of 
advantage, at least in some ways, to regard the form 


ds? = Gy, dx; day, (2. 1) 
as that of an n-way locus in a flat r-way space, although v is 


generally a much larger number than n. 


$3. Vectors in a Euclidean space which trace out the 
space of a form. Let 0’, 4, 0’... be r unit vectors in the 
Euclidean space and let y and z be vectors given by 


ie 0 es 
What we call the scalar product of the two vectors y and 
z is denoted by yz and defined by 

YE YA HY 9 t... = 0. (3.2) 

The eosine of the angle between the vectors is defined as 

yo tye 4... 
Vy yt ET IX 
27 


and may be written a. (3.3) 
VYY zz 











We shall generally write yy as y*, but we must remember 


then that the root of y? is not y. 

The numbers y’, y"... are called the components of the 
vector y: they are ordinary scalar nuinbers. 

Now let z be a vector whose components are functions of 
the n parameters 2,...2,. Denoting the derivative of z with 
respect to x, by z,, we have dz = z,dc, in the notation we 
have explained, which is the foundation of the Tensor 


Caleulus. We therefore have 


dzdz = e,z,de;da,. (3.4) 
nd —á 
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The vector z traces out an n-way space within the Euclidean 
r-way space, and in this n-way space the element of ‘length’ 


is given by ds? = —dzdz ; (3.5) 
Ne” 
and therefore, if we take 
. Uik = = Zira (3 " 6) 
Ne 
we have ds? = ay da, da,. 


We say that dz is an element in this space, and we notice 
that an element has direction as well as length. The element 
is localized at the extremity of the vector z ; the element lies 
in the n-way space, but the vector lies in the r-way Euclidean 
space. 

The direction cosines of the element in the r-way space are 


, dx „nu de 


gh, e o, res (3.7) 
P ds P ds 
We write £p de, 
ds 


and we speak of £!, £?,... £^ as the direction cosines of the 
element in the n-way space given by, or associated with, 


ds? = a, dada. 


The upper affixes in £! ... £^ have, of course, no implication 
of powers as in ordinary algebra. 'lhe notation introduced is 
in accordance with that of the tensor calculus which we are 
leading up to. In accordance with that calculus we ought 
to write the variables 2,...”, as cz... x", but we do not do 
so, as the notation z,...z, is at present too firmly fixed 
perhaps. 

If w is the angle between two elements, drawn through 
the extremity of z, whose direction cosines with respect to 
the n-way space are gl, £2... én, 

nt, n’, nes n”, 
respectively, 


cos o = P ni (2 p2 E 2" pZ qt) 


= ce mo — Lng £91. (3 . 8) 
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It should be noticed that a,,, £^»? means precisely the same 
thing as a,,¢'n*. Repeated suffixes are called dummy suffixes 
and'can be replaced by any other dummy suffixes. The chief 
rule that we need to follow is not to use the same dummy 
more than twice in an expression containing a number of 
factors. . 

It should be noticed that the angle, for which we have 
found an expression, is that between two elements drawn 
through the same point, viz. the same extremity of the 
vector z. We have no expression for the angle between two 
elements at different points in our n-way space. This is 
something that distinguishes the geometry connected with 
the form ds? = aj;,da;do, from the geometry of Euclidean 
space. 


$ 4. Christoffel’s two symbols of three indices. let 


(ilit) zl (rt + MIT - ur). l (4.1) 
ed, ea i ow, 

This is the definition of Christoffel’s three-index symbol of 
the first kind. It is exceedingly important in the theory 
of differential geometry. The first two suffixes are inter- 
changeable. We may write it sometimes in the form T, 
when we regard 2 and & as fixed suffixes. 


rr mtl. 
we see that (tht) = — gii, (4.2) 
MÀ 
h oe 
where gom 
Zik dr. QUT, 


We introduce the symbol et to denote zero if i and k are 


unequal and unity if 7 and k are equal. We do not write 
e! as equal to unity, for by our convention 


e= eitez t. +E =n 
In employing dummy suffixes it is best to employ a letter 
to which we have not attached a definite connotation. 
From the property of determinants and their first minors 
we see that atay = e. (4.3) 
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Let {ikj} = ai! (ikt) ; (4.4) 
then {247} is Christoffel’s three-index symbol of the second 
kind. The first two suffixes are interchangeable and it may 
be written Z/ when we regard 4 and k as fixed suffixes, 

We have at once (ikj) = jt likt}. (4.5) 


$ 5. Some important operators. Even already we have 

come across a number of functions of the variables which we 

denote by integers attached to a certain letter. Thus we 

havo the fundamental functions denoted by aj,,...; we have 

the direction cosines denoted by £... é”, and the functions 
ail |... 


More gencrally we may have a number of functions of the 
variables, say 0, $, y, ... and we may form a function of 
6, >, vr, ... and their derivatives with respect to the variables. 
It may be that the function thus arrived at may be denoted by 


a, B, ... 
Ts (5. 1) 
where a, B, ... are integers of the upper row, upper integers 


we call them, and a, b,... are lower integers. These integers 
may take independently any of the values 1,2, ... a and thus 


indicate how the function T? ^ > as formed. The number 
9 V5 e 


of the upper integers is not necessarily equal to the number 
of the lower integers, It may be that there are no integers 
in the upper row, or none in the lower, or even none in either. 

We shall come across many functions which may be ex- 
pressed in this mauner, and we have come across some. 

In connexion with functions which are expressed in the 
above form there are n operators which are of fundamental 
importance in tensor theory. "These operators may be written 


-—— “~m 


1, 2, 3, ... fi, 
where » denotes the operator 
ò 
3 + (tpr} C) — (p pt] 0); (5.2) 


and where ( 1) denotes the operation of substituting t for A, 
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A being any upper integer, and where (7) has a similar 
meaning with respect to a lower integer. 


Thus p T. i 


à a, 8 t, B a, t a, B 
= [UU + tpo LO” + (tpB} T -tapp TL": 
C» t 

(5.3) 


the ¢ which occurs on the right is a dummy suffix, and thus, 
for instance, 


(tpa) Jr" 
= {ipa} J,” 1 (2po] 7 +. (npa) 7. (5.4) 


We notice that the definite integers 1,2,...2& are not 
dummies, and we should avoid the use of n as a dummy. 


. aB - B 
We write T. =p T. . (5.5) 


By aid of the symbolism thus introduced we can avoid 
a prolixity which would otherwise almost bar progress. A 
very little practice will enable one to use this symbolism 
freely, and when necessary to express the results explicitly. 


§ 6. Conclusions as to derivatives of a;,, a**, and 4 loga. 
We see from the definition that 


Sik 





= (ipk) + (kpi) 
Xp 


= ay, pt} + ay {kpt ; (6.1) 
and therefore the operator p annihilates each of the functions 
Q4, Which, of course, could have been written Tiy. 

We have ait ay, = € ; 
and therefore 
ð , , 
Aik e, a + a (tpk) +a" (kpt) = 0. 

It follows that 

dð aq , 

akliy sg Cora" {tpg} T a9 {kpi} = 0; 
D 


that is, -— +a" {tog} +a% {tpi} = 0. (6 . 2) 
D 
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It follows that the operator p also annihilates each of the 
functions a/*, 


By tho rule for the differentiation of a determinant 


dl aa ò 
——— Im ( -— (f 
ou dx, P1 


= wild (ptq) 4 a «1 (qp) 
= « iptpj +a {qtq} 


2a {ptp}, 
yy ge 
or u2 == 42 {ptp}. (6.3) 
o4 





! 


This formula will be required later. [It should be re- 
membered that the symbol on the right stands for the sum of 
iv symbols, with p = 1, 2, a] 


$ 7. Tensors and tensor components defined. We must 


now explain what is meant by a tensor. We have seen how 
funetions denoted by 
T B, ee 
a,b, ,tt* 


may be derived from functions 0, $, qr ... and their derivatives 
with respect to 2, ... &,. The different functions obtained by 
allowing the integers to take all values from 1 up to n are 
called components of the set. 

Suppose that wo transform to new variables 2’, ... 2/,, and 
that 6° denotes the expression of @ in terms of the new 


variables, and that $^, y”... have similar meanings. Suppose 
further that ra’, B, 


, , e 9 œ 
4 a ,U, ... 


are functions formed from 6”, $', Y’, ... and their derivatives 
with respect to the new variables a^, ...a^, by exactly the 
same rules as the functions 


7? B, ... 
a,b, ttn 
were formed from 6, $, yr, and their derivatives with respect 


to 24... Tq. 
2813 C 
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a, B, eae 
We say that / by uto 
are components of a tonsor if 
4 , 
T B’,... VBa 232 DT y DT g T^ B € 
a’ VU u — v , oae ; eee a, ) o 
(jy Ou 920, dLa I, 


Notice that the integers on the left are not dummies but 
that the integers a, B,...a,6,... on the right are. Notice 
also that the above equation must hold for all values of the 
integers on the left if the expressions 


Te B, ... 
a, b, ee o o 
are to bo tensor components. 


This is the formal definition: we shall immediately come 
across examples of tensors which will illustrate the definition. 


9 8. The functions a), and a are tensor components. 
If we transform to new variables x’, ... a’,,, the expression for 
the square of the element of length must remain unaltered in 
magnitude though its form may change We therefore have 


— / ; tA Rd 
Up AEM, = (i ule dX u 


, 92, 9d 


C = o——— y ad . 
and so MT af du^, P 


(8.1) 
Thus the functions aj... satisfy the condition for being 
tensor components. 
Again from the fundamental equality 


o» ’ ’ 
Ang ley lL, — 4 ple da u 
L4 
a 2, — a’ DT p e 
PY ya T AH 
ox X 2c, 


Notice that q and A are no longer dummy suffixes in this 


we have 


` 
equality. Multiply across by a’ sc. then we have 
8 
!A8 92, 9c, ED !A8 ac, 92, . 


a ——~—- =a L— LE 
PI Ou’, L AM 9m, dx", 
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The expression on the right hand of this equality is 














s L'u 9m, — Oa", ow ou 
, = f —LcII umquam, 
6, 32, ou’, s oc, 0c, oq, q Pq 
„dL, Of, 
and therefore c, (up-u —E ") = 0 
. ra oc, oa. 


This equation holds for all valuos ot p, q, and r, and there- 
fore, as the determinant u is not zero, we must have 
dL, 9c, 

Ou", DT 

It follows that the functions a ... also satisfy the condition 

of being tensor components. 


aP = 8 (8 . 2) 





$ 9. Expressions for second derivatives when 
(y oe, dac, = a ada dag. 


, eg, 
We have = Era ; 
x ` 2 





) 2 nO XAN 7 7 
pq Mau, eu q Dat", Ot q 


where 2’ is the expression of z in terms of the new variables, 
oz 2 ^! 
and 2’, denotes —- and z',, denotes —————- 


since by (4.2) (pqr) = —2',,2',, that 
M^ 


It follows, 


1) 22 Oop Oey Ot, aa 
/ A J yl nU 
dL p d da", dw’, OL p ÒL OW g 








(9.1) 


Notice, that we see, from this equation, that Christoffel’s 
three-index symbols of the first kind do not satisfy the con- 
dition of being tensor components. 


(pqr) = (Ap 


Multiply across by a” d , and we have 


Dg 
s“ 99 
(Dg $27 


OX m, oq, od, 


. 9o, REJA Dr 
— q’"s8 rs À 
a (Apt) 5 ATA 


A a 
' jV. ou’, ^9. , 0g Qa, M Sa poe'g 








But, by (8. 2), a” "3v, YA 
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and therefore the right-hand member of this equation becomes 








€ iy DLA 
oth wt ut aa MM. , 
a^, oo oo pou q 
ò " à? 
that is, (Auk; s Ta Ph ek Ta (9. 2) 





POTE Y 
92^, Lg € 02 ptg 


We therefore have the fundamental formula in the trans- 
formation theory 














9? y. dE Ja, om 
sar c PS IT = (Auk SA Se. (9,8) 
9g, OW q oc R oa x^g 

Similarly we have 
9? gj , 9x, ag da’ 
353a, ^ AMA SA TE (pes). — (9.4) 
p q p 4 ta 


$10. Tensor derivatives of tensor components are tensor 
components. We must now show that the operators 


1,2,..% 


3 


when applied to any tensor components, generate other tensor 
components, 








dta ae, dwy Oa yy 
Let = e, A mI bang 
and assume that / r p 7" ae are tensor components. 


t, B’, _ WW, B, ... 
We have T LL T "MN 
which we briefly write 7” = TMN. 
Expanding SM, using the formulac of the transforma- 
p 
tion theory which have been obtained, 


ai zd (upto Sst EUN ()) M 


and therefore. 


pM = (tp ay (t ACE 5)M. (10.1) 
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Similarly we have 
ò + 
TG SE (mat) Q)— (tA) (9) WN, 


and therefore 





- oc ni, 
BIN = (s ina (upt()N. ao.) 
P 


on, d 








Now pT= > q "EO T 4 ((t/ A}! C)— (a pti (5) 7, 
_ qT — (1)— (uat) (D) T 
TA j HY 
"m (—(up't) () T- (10.3) 
dLa Om 


We have written 





5a", Y .. Simply as M, but we must 


note that M has the upper integers a, b, ... (as well as the 
lower integers uw’, b’,...) and that the upper integers in M are 
the same as the lower integers in 7. 

Similarly we note that the lower integers in N are the 
upper integers in 7'. 

It follows that 

N {tqa} (D) T = T {pat} C) N, (10.4) 

if we remember that these lower integers in JV and upper 
integers in 7' are just dummies. 

We have similarly 


M {pat} () T = T {tq} G) M, (10.5) 
N {tp (OP =T (pps €) N, (10.6) 
M(upti (Q T= T {tp AY (1) M, (10.7) 
or 
and therefore p (TMN) = INIT. 


Oey Suy Da, da’ a’ dL ow p 





is, p 1. = qf s, (10. 
That is, p T pr a 98 y RA 1 dTa OU (10.8) 
and therefore p T« " '... are tensor components. 


- This is a very important theorem in the tensor calculus. 
It is the rule of taking what we call the tensor derivative 
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and we see that the tensor derivative of a tensor component 
is a tensor component. We denote the p derivative by 
o, B, ... 
T. sop (10.9) 
$11. Rules and definitions of the tensor calculus. We 
have now proved the most important theorem in the tensor 
caleulus: its proof depended on the transformation theorems. 
These theorems, having served their purpose, disappear, as it 
were, from the calculus. 

There are some simple rules of the calculus which we now 
consider. 

The product of two tensors is a tensor whose components 
are the products of each component of the first and each 
component of the second tensor. The upper integers of the 
product are the upper integers of the two factors, and the 
lower integers of the product are the lower integers of 
the two factors. 

Two tensors of the same character—that is, with the same 
number of each kind of integers, upper and lower—ean be 
added, if we take together the components which have the 
same integers. They can also be combined in other ways, as 
we shall see. 

We form the tensor derivative of the product of two tensors 
by tho same rule as in ordinary differentiation. 

The tensors d;, and a^^ aro called fundamental tensors. 
We have seen that they have the property of being annihilated 
by any operator p. As regards tensor derivation they there- 
fore play the part of constants. 

The symbol e, satisfies tho definition of & tensor. It also 
is called a fundamental tensor. 

Any tensor, formed by taking the product of a tensor and 
a fundamental tensor, is said to be an associate tensor of the 
tensor from which it is derived. 

Suppose that Tz P» ?'" is any tensor. The tensor itself 

1d, Cy... 
is the entity made up of all its components, formed by allow- 
ing a, É, y,..., a, b,c, ... to take all integral values from 
1 up to n. Suppose now, that instead of taking all the 


RULES AND DEFINITIONS OF THE TENSOR CALCULUS 15 


components, we take those in which one of the upper integers, 
say a, is equal to one of the lower integers, say 5. The 
entity we thus arrive at will be a tensor. For 


dan Oy _ 
' Ow" py d Xp 





The tensor thus arrived at is denoted by 


P, B, Ys ... 
t,p,€, ... 


TP A, B, y, ... 
and is said to be I b e, us 
contracted, with respect to a, 5. 


We can contraet a tensor with respect to any number ot 
upper integers and an equal number of lower integers. 


a, B 
If we take the tensor / a, b? 

an associate tensor would be 

a 7" B 

X a, b? 

a, X. B 

X, a, b? 


€ 


and we might write this T 
and as it is contracted with respect to two upper integers and 


. . © o B 
two lower we might write this simply as T. . 


: xB XB 
So we may write «71 T as T 


We shall often use this contraction when we are consider- 
ing associate tensors 

The rank of a tensor is the number of integers, upper and 
lower, in any component. When the rank is zero the tensor 
is an invariant. When the rank is even we can form an 
associate tensor which will be an invariant. When the rank 
is odd we ean form an associate tensor of rank unity. When 
the rank is unity the tensor may be said to be & vector in 
the n-way space: a contravariant vector if the integer is 
an upper one, a covariant vector if the integer is a lower 
one. But it must be carefully noticed that when we think of 
a vector in the flat r-way space, we are thinking of the word 
vector in a different sense, Thus the vector z which traces 
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out the »-way space is not an invariant, but rather the entity 
of 7 invariants, and so as regards the derivatives of z. In 
the r-way space they are all vectors, but the coefficients of 
the vectors i’, i”... come under the classification of tensors. 
If we bear this distinction in mind we shall not be misled, 
and we may gain an advantage by combining the two 
notions. It is a useless exaggeration of the great advantages 
of the tensor caleulus to ignore the caleulus of Quaternions. 
Wo certainly cannot afford to give up the aid of the directed 
vector notation in the differential geometry of flat space 
within which lies our n-way curved space. 


$12. Beltrami’s three differential parameters. If we take 
any function U of the variables, then 


U,,U,, ..U, 


will be tensor components. The tensor derivative of an 
invariant is just the ordinary derivative; and therefore the 
above functions are just the same as 


U.,,U.,, ...U.,. (12.1) 


[For the notation see (5.5) aud (10.9).] 

But if we take the second tensor derivatives we come 
across different functions from the ordinary second derivatives. 
These second tensor derivatives we denote by U.,,... 

U.i = U; — {tkt} U,. (12.2) 

These we have proved are tensor components ($ 10), whereas 
the ordinary second derivatives U;, are not. It would be 
a useful exercise to prove that the functions U.,,... are 
tensor components: it might make the general theorem, 
whose proof is rather complicated, more easily understood. 

The square of the tensor whose components are U, ... Un 
is a tensor whose components are U;U;,. If we form the 


associate tensor a*U,U, we have an invariant which is 
denoted by A(U), so that 


A (U) z d U,U,. (12.3) 
This is Beltrami's first, differential parameter. 
Similarly by forming the tensor which is the product of 


where 
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the two tensors whose components are U, ... U, and V, ... V, 
and taking the associate tensor a’*U,V;, we have Beltrami’s 
‘mixed’ differential parameter 


A (U, V) =a" U; Vy. (12. 4) 
We, also have Beltrami's second differential parameter 
A, (U) z aU, a. (12.5) 


Clearly all these ‘differential parameters’ as they aro called 
are invariants. ‘They are of great utility, as we shall find, in 
differential geometry. 


$ 13. Two associated vector spaces. Normals to surfaces. 
Returning now to the vector z, whose extremity traces out 
the n-way space within the flat r-way space, we have, 
see (5.2) and (12.2), 

Zeik = Zip {tht} 2. (13.1) 

Clearly the components of this vector z.,, are tensor com- 
ponents. 

We have $i (n+ 1) vectors 2.;; and we have n vectors 2; ; 
as these (n (n-4-1)--») vectors all he in à $n(n4- 1) flat 
space there must be n linear equations connecting them. 
These vectors all depend on the parameters £)... £n, and we 
may regard them as all loealized at the extremity of the 
vector z. 

Now, sce § 4, 

Z. ik p = “th =p (Uh ] ~t ep 
NS S -——^ 
= — (tkp) 4 aip CURL; = 0. (13.2) 

We thus see that the vector Z. is perpendicular to every 
element in the n-way space drawn through the extremity of z. 

Let one of the « equations which connect the vectors 


Z. in» Zi be bz. ud 0,2, = O, 
where bjp... b,... are scalars. Multiply the equation by z, 
and take the scalar product: then, since 


Seah 25 = 0, 
arene 
we have 42,2, = 0; 
. ~r *, 
that is, bilip = 0, 


2843 D 
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and therefore, since the determinant a cannot be zero, we have 
b =b =.. = 0. (13.3) 


. It follows that the n linear equations connect the vectors 
Z.p- only. 

At any point of the n-way space, therefore, there are 
^ vectors 2,...2, generating a flat n-way space; and there 
are $n(n+1) vectors z.;,, only im(w—1) of which are 
linearly independent, and these generate a $n(n—1) flat 
space. These two flat spaces, associated with the point 
9, ... Lp, are such that every element in the one space, drawn 
through the extremity of z, is perpendicular to every element 
in the other space, drawn through the extremity of z. 

Thus when n is equal to 2, as it is in ordinary differential 
geometry, the vectors z. z (13.3) 


115 %* 393 9 * 29 
are parallel to the normal at the extremity of z which traces 
out the surface we are concerned with. 


$14. Euclidean coordinates at a point. Associated with 
every point z,...2, we have a special system of coordinates 
which we call the Huclidean coordinates of the point. They 
are very helpful in proving tensor identities, which without 
their aid would prove very laborious. 

At the point under consideration a,, ... (ik) ... are constants. 

Let another set of constants be defined by 


Gu, m De Paes bg = Ong: (14.1) 
and then another set by 
(tkj) = Or Ctik? Ctik = Ciki» (14.2) 
and consider the transformation scheme 
a^, = Dy ty + Cin Vy Lg: (14.3) 


We have 
2j = y yj + pjata) 
gi = ZA (bri + Crit 2i) (Opn Cus Lr) + ZO 
and therefore at the point 
(a =U yy Ong P uns (14.4) 
(ij) = (App) Og by Png +O Dy Can (14.5) 
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Now dik = l pibuk = = € Or Duns 
and the determinant «æ is equal to the square of the deter- 
ininant b, so that the deter minant b cannot be zero. 


It follows that E ex (14.6) 
and therefore (ikj) = (ALPY bibi by t bis cu 
that is, (Ap p) bribukbpj = 0 
and therefore (App) = 0. (14.7) 
In this coordinate system the ground form at the point is 
dæ? t+... dao ?, (14.8) 


and the first derivatives of aj)... vanish at the point. Of 
course it is only ut the point that these results hold. 


$15. Two symbols of four indices which are tensor 
components. Let us now consider the expression 
Sn ky © IT ike 
MM MM N ener” 


We see that since 
, 9 192, Op OM, Tp 








9 tri? “kh — = Ou’, Ja"; da’, dal, IH yp? 
and PES SUA 22, Oy oM, 2. vu 
I 2D dwp d p dL y Qa TAR 
we have 
Zei hh pta m SEA P0 Sup Ms r, e—a. 2. yu) 
I LP MUT th ac. , 92^, 0a, D; SAH IE SAPT yp? 
(15.1) 


that is, the expression is a tensor component which should be 
denoted by 7,,,;, but as is customary we denote it by 
(rihi). (15.2) 

This is Christoffel's four-index symbol of the first kind. 

We see that if the two first integers are interchanved the 
sign is reversed, if the last two integers are interchanged 
the sign is reversed, and if the two extreme integers are inter- 
changed and also the two middle integers there is no change. 

The expression altz . a (15.3) 
is a vector whose components are tensor components: it is an 
associate vector to z.,;, and may be denoted by z*. 
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We then have x. gts. ol 


orif h f*tah*. 
= a"! (rkhi). (15.4) 
This is Christoffel’s four-index symbol of the second kind, 


which should be denoted by Zins but is denoted by - 


{rthi}. (15.5) 
Like the four-index symbol of the first kind it is a tensor 


component. If the last two integers are reversed the sign 
is changed, so that {rithi} = — {rtih}. (15.6) 


The three-index symbols, it will be remembered, unlike 
the four-index symbols, are not tensor components. 
We can express the four-index symbols in terms of the 
fundamental tensor components «;;... and their derivatives. 
We have 
(rkhi) = 2.,02.44—92.,42- Gh = £47* kàh — eh? - dl: 
Ko —S — —^ er eed 


— I rh ih T zat Alt} t? fikt) yy 
LÁ VLL 


and, as £49; = (ri), 2,2, = — (rhb), 
Ne ^4 
ò n 
3a, Li Tk yu Rk 7 fuk Sh ko 
t — — 
we therefore have 
: E 
(rkhi) = sa,” hk) — — "iu tk) + (vil) {kht} —(rht) {ikt}. 7) 


This "" may " written 
(rkhi) = i (rhk) —h (rik), 
if we make the convention that the operators are only to act 
on the last integer, the first two being regarded as fixed, and 


the last as a lower integer. 
We also have 


(rkhi) = ak (rthi) 
= af! (i (rht) —h (vit) 
= ak? (744) —ha* (rit) 


= i {rhk} —h {rik} ; 
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and therefore 


{rkhi; = 2 {rhi} — E {rik} + {lik} frht} — (this) {rit}, 
s "t (15.8) 
since the last integer in {At} is to be regarded as an upper 
integer. 
It may be noticed that 
Likt} (rht) = at? (ikp) (rM) = (ikp){rhp}, — (15.9) 


so that in the product {ikt} (rt) the two symbols () and ( ) 
may be interchanged. 


$18. A four-index generator of tensor components from 
tensor components. If we consider the P expression 


(pg — qp) Te. b, (16. 1) 


we see at once that it is a tensor componen. To find out 


what it is we employ Euclidean coordinates at a specified 
point. 
At this point we see that it is 


n ò m m yyy 
is T+ {tga} G) T— ingt) (T) 


7d, CUTS () T— {ppt} (b T), 


that is, 
n ò ò ò 
— NEED ] FA T a m 
( i, = aa, (pa) 1 (s (mal) — Sa (pt) (97, 
that is, ({trqp} (5) — {etap} G) T. 
At the specified point we therefore have 


PA= qp = (qp) (0— {utap} €; (16.2) 
and, as this is a tensor identity, it must therefore hold at 
every point, 

The proof of this important theorem is a good example of 
the utility of Euclidean coordinates, a£ a point. The three- 
index symbols of Christoffel vanish at any point when referred 
to the Euclidean coordinates of that point. If they had been 
tensor eomponents they would therefore have vanished in 
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any system of coordinates. The four-index symbols do not 
vanish when referred to Euclidean coordinates. The four- 
index symbols and the tensor components which are associate 
to them are the indispensable tools of the calculus when we 
apply it to differential geometry and to the Modern Einstein 
Physics. 


$ 17. Systems of invariants. We have (§ 12) 
A (u) = a*uyu,, 


and, in accordance with the notion of associate tensors, we 


may write uk = utku,, 
and therefore A (u) = utu. (17.1) 
Similarly we have 
A (u, v) = wy, = u. (17.2) 
In accordance with the same notion of associate tensors 
we might say that u = utku. iy; (17.3) 


but this is a rather dangerous use of the notation, as ıt 
suggests that the u on the left is the same as the u from 
which we formed w.;,, which is absurd. However, a very 
moderate degree of caution will enable us to use the Calculus 
of Tensors without making absurd mistakes on the one hand, 
or, on the other hand, introducing a number of extra symbols, 
and thus destroying the simplieity of the calculus, for the 
sake of avoiding mistakes which no one is likely to make. 
We have proved, in $ 6, the formulae 


ð . . 
— qd + aiit {tpg} +a% {tpi} = 0, 
92 


ò 
oa, t= = ut { ptp}, 
and therefore we have 


Ó . 
iz = — aia {pgi}. 


ð . 
It follows that oz, atau; = alatku -ilo (17 . 3) 


n 
and therefore A, {u) = at Sa. utut. (17.4) 
t 
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If we have any invariant of the quadratic form aip m; da, 
say >, we can obtain other invariants A ($), A, (6) by means 
of the differential parameters; and when we have two 
invariants, @ and wy, we also have the invariant A (6, y). 

Clearly there cannot be more than n independent invariants. 

Suppose that we have obtained, in any way, n independent 
invariants W,....Un- Here the suffixes have no meaning of 
differentiation or of being tensor components. 

If we take these n invariants as the variables, then we have 


ak = A (Uug), (17.5) 


and we can express the ground form in terms of the in- 
variants. 

In this case we can say that the necessary and sufficient 
conditions that two ground forms may be equivalent—that 
is, transformable the one into the other—are that for each 
form the equations 

A (ty Uy) = Pix (u, se Un) (17. 6) 
may be the saime. 

For special forms of the ground form we may not be able 
to find the required n invariants to apply this method. Thus 
if the form is that of Euclidean space there are no invariants 
which are functions of the variables. 


$18. An Einstein space, and its vanishing invariants. 


Let us write A ay = (rkeh), (18.1) 
then f rkih} = OP A rays (18 . 2) 
and therefore (rkih) = ey, {vpih}. 


We forin associate tensor components ($ 11) of (rkih)..., 
and we know that they will be tensor components. Thus 
we know that aki (rkih) (18 . 3) 


will be a ten or component. We write 
WA uu, = Ah = Aj, 


A space for which all the tensor components 4A,,... vanish 
is what is called an Einstein space. A space for which 


w Ape, A, = may, 
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where m is independent of the integers r, h, is called an 
extended Einstein space. 
We ean form invariants from the associate tensor com- 


ponents. Thus atk A. (18, 4) 
is an invariant which we may denote by A. 
Again, at Ai (18 e 5) 


. . . k 
is a tensor component which we may write Ap. We thus 
have the series of invariants 


A A?, AAL A}, A, AL ATA. ... (18.6) 
All of these invariants vanish for an Einstein space. 


We can form another series of invariants which do not 
vanish for an Einstein space. Thus we have 


Ad HS VY ph 
aa a a AY yp Aa ays: 


AG vp aP’ o Br V8 
aM aM ar Pal aPra Ay yy) Aag s A 


Auvp 


(18.7) 


Apvp pqrs? 


and so on. 


CHAPTER II* 
THE GROUND FORM WHEN n= 2 


$18. Alternative notations. We now consider the ground 
form a,,dx,dx,, for the particular case when n = 2. That 
is, we are to consider the geometry on a surface which lies in 
ordinary three-dimensional Euclidean space. 

The square of an element of length on any surface is 


given by ds? = a dae + 2a,,dx, da, + a, du, (19. 1) 


where ai Gg, a,, are functions of the coordinates æ, c, 
which defiue the position of a point on the surface. 

We often avoid tlie use of the double suffix notation, and 
take u and v to be the coordinates of a point on the surface, 


when we write ds? = edu? 4 2fdudv + gdv? ; (19.2) 
or in yet another form 
ds? = A?du?+2A B eos adu dv + B? dv?, (19.3) 


where x is the angle at any point between the parametric 
curves, that is, the w curve along which only w varies and 
the v curve along which only v varies, and Adu and Bd» are 
the elementary arcs on these curves. 

There is no difficulty in passing from one notation to the 
other. The double suffix is the one in which general theorems 
are best stated: it alone falls in with the use of the tensor 
calculus which so much lessens the labour of calculation. 


* (The packets of MS. containing Chapters 1I and III, as submitted to 
the Delegates of the University Press, were numbered by the author in the 
reveise order, and that order would probably have boen made suitable, by 
some rearrangement of matter, had he lived to put the work in readiness 
for printing. It has seemed bost, however, to revert to the order of a list 
of headings found among the authors papers, an order in which the 
chapters, as they stand, were almost ecrtainly written.) 
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In connexion with the form 
ds? = edu? + 2fdudv + gdr? 
we use À to denote the positive square root of ey—f?: that is 
h = a = ABsina, where a = a40,,—a,5. (19.4) 
The element of area on the surface is | 
hdudv = ABsinadudv = a3dudv. (19.5) 


§ 20. An example of applicable surfaces. If we are given 
the equation of any surface in the Euclidean space, we can 
express the Cartesian coordinates of any point on the surface 
in terms of two parameters and thus obtain e, f, g in terms 
of these parameters, 

e = æi tyi tzi, f= 28 +Y utm, g-—9£91tyiti) 

(20.1) 
where the suffixes indicate differentiation with regard to the 
two parameters. ` 

Thus, if u is the length of any arc of a plane curve, we 
may write the equation of the curve y = ¢ (u), and the 
surface of revolution obtained by rotating the curve about 
the axis of z will have the ground form 

ds? = du? + $ (u))* dv’, 
where v is the angle turned through. 

Can we infer that, if a sur'ace has this ground form, it is 
a surface of revolution? We shall see that we cannot make 
this inference. 

Thus consider the catenoid, that is, the surface obtained by 
the revolution of the catenary about its directrix. The 
ground form is — ds? = du? 4 (u? +c?) dv’ 

Take the right helicoid, given by the equation 


1 
Z= etant? ; 


this is clearly a ruled surface, and we can express the 
coordinates of any point on it by 


= 4608U, Y= wsinv, Z= c. 
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Its ground form is then 
ds? = du? + (u? + c*) dv’, 
and it is not a surface of revolution. 
It is, however, applicable on the catenoid ; two surfaces 
which have the same ground form being said to be, applicable, 
the one on the other. 


$ 21. Spherical and pseudospherical surfaces. The 
tractrix revolution surface. There are two distinct classes 
of theorems about surfaces: there are the theorems which 
are concerned with the surface regarded as a locus in space; 
and there are the theorems about the surface regarded as 
a two-way space, and not as regards its position in a higher 
space. It is the latter type of theorems about which the 
ground form gives us all the information we require. 

Thus all the formulae of spherical trigonometry can be, 
as we shall see [in the next chapter], deduced from the 


ground form ds? = du? + sin? udv?, (21.1) 
where u is the colatitude and v the longitude. 
We shall prove the fundamental formula 


cos c = cos a cos b+ sin a sin b cos C, (21.2) 
and the formula for the area 
A 4 B4 C—m, (21.3) 


and from these all the other formulae may be deduced. 
So from the ground form 
d»? = du? + sinh? udu? (21.4) 
we can obtain the formulae of pseudospherical trigonometry 
—the trigonometry on a sphere of imaginary radius. 
The fundamental formula is here 


cosh c = cosh a cosh b —sinh a sinh b cosh C, (21.5) 
and the area of a triangle is 
n-A—B-C, (21.6) 
If in (21.4) we make the substitution (c being a constant) 
w=wu—c, v= 2e%r’, 
this ground form becomes , 
das? = du? + (c7 — e"? egy? ; 
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and if we take c to be a large constant it approximates to 
the ground form ds? = du? + e~" dut, (21.7) 


and to this form pseudosphcrical trigonometry will also apply. 

The formulae of spherical trigonometry or of pseudo- 
spherical trigonometry will apply to any surfaces which have 
the same ground form as the sphere or the pseudosphere. 
A real surface may have as its ground form 


ds? = du? + e?" dy’. 


Thus if we take a tractrix, the involute, that is, of a 
catenary which passes through its vertex, the equation of 
the catenary is y = cosh z, (21.8) 


taking the directrix of the catenary as the axis of æ; and if 
we take u as the arc of the tractrix, measured from its cusp, 
the vertex of the catenary, the cquation of the tractrix is 


y= e". . (21.9) 


If we now revolve the tractrix about the axis of x we vet 
a surface of revolution with the ground form 


ds? = du? + e?” dy". (21.7) 


The figure of the tractrix is something like Fig. 1 ; and its 
surface of revolution like Fig. 2. 


$ 22. Ruled and developable surfaces. The latter ap- 
plicable on & plane. Let us now consider the most general 
ruled surface, formed by taking any curve in space as base, 
or as we shall say as directrix, and drawing, through each 
point of the directrix, a straight line in any direction 
determined by the position of the point on the directrix. 

If x, y, z are the coordinates of any point on the directrix, 
and l, m, n the direction cosines of the line, then ‘these 
coordinates of the point and these direction cosines of the 
line will be functions of a parameter v. We take w to be 
the distance of any point on the line from the point where 
the line intersects the directrix. "Then the current coordinates 
of any point on the line may be written 


w=etu, y —y-rwm, z —z4un; 
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and for the ruled surface we have the ground form 
ds? = du? + 2 fdu du + gdv?, 


where 
f= le, +4 MY, + nz, (22.1) 
g = AZ tye t 23 + 2U (loa, + MaYa + Nz) +U” (min). 
(22.2) 
That is, f is a function of v only and g is of the form 
xu? 4- 28 w 4 y, 

where a, B, y are functions of v only. 

We have de = (du + fdv)? + (g—f?) dv! ; (22.3) 


the eoordinates of any line of the ruled surface are functions 
of v only, and therefore the shortest distance between the 
point u, v and a neighbouring point on the line whose 
coordinates are functions of v+ dv is (g—f?) dv. 

The value of « for which this shortest. distance will be 


. n . 
least is then given by d — 0; that is, the equation of the 


line of striction 1s dg 
Z = 0, 
dw 

If we take, as we may, the directrix to be a eurve crossing 
the generators at right anvles, and dv to be the angle between 
two neighbouring generators, we have 


ds? = du? + ((u—a)? +b?) dv’, 


where æa and b are functions of v. The line of striction is 
now u =a, and the shortest distance between two neighbour- 
ing generators is bdv. 

For a developable surface therefore we have 


ds? = du? + (u — a)? dv*. (22.5) 


(22.4) 


If we take 
w = wsin o— | a eos ud, v= weosy— | asin vd, (22.6) 


we see that referred to the new coordinate system 
d? = dw? t dv^?; (22. 7) 


so that the above transformation formulae establish a corre- 
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spondence, between the points on any developable and points 
on a Euclidean plane, such that the distance between neigh- 
bouring points on the developable and the distance between 
the corresponding neighbouring points on the plane are the 
same. The developable is therefore said to be applicable on 
the plane. 


§ 23. Elliptic coordinates. Consider now the system of 
confocal quadries 


y2 y? z2 
afu | pu tu 
We know that the relations 


gi (e hes eheu) a Pru) o) +w), 
7 Bea a et 





(+u) (c? + v) (c* +w) 
a = (ox CD (23 . 1) 


give the coordinates of any point in space in terms of the 
focal coordinates u, v, w; and that the perpendiculars from 
the centre on the three confocals through any point are 
given by 
, (a? +u) (b? + w) (e + wW) ; _ (a° +v) (B+) (e? +0) 
iu (u — v) (uw —w) i ^. (v—4) (v—w) 
" (0? +w) (b? +w) (c* +.) | 
B (0 — wu) (w — v) 
From the formula 
9? = (a? +u) cos? x + (D? + u) cos? B+ (c? -Fu) cos’ y, (23.2) 
where xcosa+ycosB+zcos y = p 
is the tangent plane to the surface u = constant, we see that 
2pdp = du, 2qdq = dv, 2rdr= du, 
du? dv? dw? | 


and therefore 4ds = — + 


ptg (23.3) 


If we now take w = 0 and write 


e 
V+tu= U4, @+v= V, Kl= a-b, K? =a’ e, 
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.$0 that the new coordinates are the semi-major axes of the 
two confocals through any point on the ellipsoid 
. a2 y? 2 


etataqh 
we have 
Om: U? —a?) dU? Ma — V?) d V? 
dst = (Ur V» (7s — K?) (U-K? nt y — K1y (V2 TED) 


(23.4 
It follows, as a particular case, that the ground form for 
a plane may be taken to be 
2 dv? 
v GER 3 4-3) (23. 5) 
We thus have as sd forms M a plane 
de? = da? + dy?, 
ds? = dr? + 77d 6, 
du? mu 
ds = (wv) T eum) 
and we could find an infinite number of other forms for the 
plane, or for any other surface. 
We are thus led to inquire as to the tests by which we can 
decide whether two given ground forms are equivalent; that 


is whether by a change of the variables the one form can be 
transformed into the other. 


§ 24. The invariant K. Ad and A,¢ when K is constant. 
Consider the form ag dm;de,, += 1,2, 


and let us use the methods of the tensor calculus. 

In terms of the four-index symbols of Christoffel we have 
one and only one invariant 

(1212) + a,* (24.1) 

where a = 0055 — (04). 

* [The invariants A of (18.4) reduce to one. Also, as the equalities 

(1212) = —(2112) = —(1221) = (2121) 

hold, and the other symbols (1112), &c., vanish, the sum equal to (1212)’ in 


(15.1), with the notation of (15.2), is 


oz, m, — az, on)" 
v Ya ae ae) m ie © (1212). 


For the explicit expressicn of K see Chap. III, § 43.] 
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We denote this invariant by K. 

Let us first take the case when K is a constant and ¢ con- 
sider the differential equations 

@.,+ku,,6=9, $.,,+Ku,,. = 9, p.t Ku, = 0. 

(24.2) 

We shall prove that they form a complete system : that is, 
a System such that no equation of the first order can be 
deduced from them by differentiation only. 

We have $.,,KNa5$,—0, $+1n+ Ka, = 0, 
and therefore [$ 16] 


(21—12)ó +K (t1, $9 — 0,,9,) = 0, 


that Js, — (10£12j à, +K (u4, 9, — 2 Py) = 0. (24.3) 
We have then to show that this is a mere identity. 
Now £1612) = «P (1912) = at? (1212) 


and therefore 


{1612} $, = Ka (ap, +a” p) = K (10, —459). 
so that the equation of the first order turns out to be a mere 
identity. Similarly we see that the other equation of the 
first order is a mere identity. 
If $ and y are any two integrals of the complete system 


we have à 
x, (5) KC) 
Dp 
-y db . 9 
= puoi) tK ov 
p 


ai" ($ . ip Wi; + piy . kp) t K (Dp V + ppn) 
— Katk (iy Wit en p) +K ($, v+ op) 
— K (Wr t ppi) & (hy t+ y) 


! 


= 0. . (24.4) 

We therefore have 
A ($) + K $? = constant. (24.5) 
We also have at once from (12.5) and the equations (24 . 2) 
A, (¢)+2K¢ = 0. (24 6) 
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§ 25. Determination of a dy such that A (p, yY) = 0. We 
shall now prove that if we are given any function w, such 
that A(u) and A,(w) are both functions of u, then, in all 
cases (not merely when X is a constant), we can obtain by 
quadrature a function v such that A (u, v) = 0. 





Let E A, (u) du 
u=e A(u) , (25.1) 
_ A, (u) _ A, (u) 
then hi =H Aiu) Wis He = — AQ) Uge 
The condition that pat(u?da,—w'dz,), 
where u! = au tatu, u? = atu ratu, 


may be a perfect differential is 
9 ò 
"E $al MN i42) — 0; 
Sx, (patu!) + `z, (p a5 w*) 


that is, pa A, (w) + à! (yu! + pu?) = 0; 
and this condition 1s fulfilled. ` 
We can therefore by quadrature find a function v such that 


v, = patu?, v, =— pailut, (25.2) 
and therefore Vu vu? = 0, 
that is, A (u, v) = 0. (25.3) 


$ 26. Reduction of a ground form when K is constant. 
Returning now to the case when K is a constant, we have 
seen that, if $ is an integral of the complete system, 
A,($)4 2 — 0, A(d)+KG? = constant, 
and we can therefore by quadrature obtain yw, where 


A ($, Y) = 0. 
First let us take the case when X is zero. 
Without loss of generality we may suppose that 


A($)- 1, Ald) =0, (26. 1) 
and we may take as new variables 
t=, v, = y, 


and the ground form becomes 
ds? = dx? +a,,.dx?. 
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Since c, is an integral of the complete system, we have 
{111} = 0, {121} = 0, {221} = 0, 
and therefore (111) — 0, (121)— 0, (221) -— O. 
From the fact that a,, is zero, we have 
(122) 4- (221) — 0, 
and therefore (212) = 0; 


so that a, is a function of c, only. 
We can therefore take the ground form to be 
ds? = dx? dx. (26 .2) 
We next take the case when K is a positive constant, say 
R-?. We then have 
A ($) +R? = constant, 


and, without loss of generality, we may suppose 


A ($) = R= (1 — ¢°), (26 . 3) 
and, by quadrature, we can find w so that 
A ($, vy) = 0. (26 . 4) 
Take as new variables 
x, = Reose, 2 = y, (26.5) 


and the ground form becomes 
ds? = dx? + a,,dx}. 
We have, since g is zero, 
(122) + (221) = 0, 
and, since cos 3 satisfies 


$. + Ka, = 0, 


Ao, x 
we have (221) + p cot (F = 0; 


and therefore (212) = E cot (3 , 


ò 


. ò a 
at is H (5, = 2 (lag 3a, log sin (3) 
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o fk 
so that sin? t 1) 
R 


a 
22 
is a function of a, only. 
We may therefore take the ground form as 


o0 . € T D 
ds? = da + sin? p 
or if we take g = he, e = Re’, 
we may take the ground form as 
ds? = R? (dici +sin? w dz). (26.6) 
When K is a negative constant —J?-*, we see that the 
ground form is (s? = — R? (de? + sin? æ de?) ; (26.7) 
03 . SOL d a p 
or if we take Uy = lE Lg = Ty, 
the ground form becomes 
2 — np T 1 2m T ` 
ds? = È (dui + sinh? æ dež)... (26.8) 


We have seen in $ 21 how the ground form 
de? = R? (dae dui) (26 . 9) 
may be deduced from this. 


$ 27. The case of A(A) —0. We have now seen the 
forms to which the ground forms are reducible when the 
invariant K is a constant; and we see that the necessary and 
sufficient condition that two ground forms may be equivalent, 
when for one of them X is a constant, is that for the other XK 
may be the same constant. 

We must now consider how we are to proceed when A 
is not a constant. 

If A (K) is zero, we choose as our variables 7, = K, v, = v, 
where v is any other function of the coordinates of the 
assigned ground form. 

Since A(a,) is zero, a! is zero and the ground form may 
be written 

ds? = edu? + 20,dudv, (27.1) 


ò . 
where e and $, (= P) are some functions of u and v. 


THE CASE OF A (iY) = 0 37 


The equation which determines the invariant K which we 
have taken to be u is therefore 


ð /6,—20 
9 = __ 2 2) 
UD, Jy 4. 3 
or 2 69 — 29 — 2u$) = 0. (27.2) 
dU b, 
We may therefore take 
e = 26, ud? +a +B, 
f= Pz 
where & and £ are functions of u only. 
The ground form now becomes, if we take 


v = K, Ly = $, 
ds? = (x x? +a%,+ B) daz 4 2 du das, (27.3) 


where x and 8 are functions of a, only. 
We ean then decide at once whether two ground forms for 
each of which A (A) is zero are equivalent. 


$ 28. The case whon A,K and AK are functions of K. 
We may now dismiss this special ease when A (Jc) is zero: it 
is not of much interest, as it cannot ariso in the case of 
a real surface. 

We now consider the case when K is not a constant and 
A (K) is not zero, but A, (K) and A(X) are both functions 
of K. This arises when the surface is applicable on a surface 
of revolution. 

Let us take u= K, (28.1) 
and let v be the function which we have seen can be obtained 
by quadrature to satisfy the equation 


A (u,v) = 0, (28. 2) 
when A, (u) and A (u) are both functions of u, though the 


reasoning would have held equally had A,(u) A (u) been 
only assumed to bo a function of u. 


We saw that if B In 
. B= e 


38 THE GROUND FORM WHEN ® = 2 


If then we take 6= | udu, 
we have 0, = uw, Og = pry. 
and therefore v, = a3 (4*0, - a/?0,) = «307. 
Similarly we have — v,-— — at 6}; 
and therefore 0, — —akv?, 6,= adv. 
It follows that 0,0! = v,v?, 0,0? — vv, 
and therefore — A(0) — A(v), A(0,v) = 0. (28.3) 
We also have (d0)? = (udu), A(0) = (uy A (uw), 
d 6? du? 


and therefore (28 . 4) 


A(0) AQ 


If we now take as the new variables 6 and v, the ground 





form becomes , dd? d? 
as" = A (0) A (v) , 
o dw? dv? 





A, (10) 
Ood p| aoi de 
~ A(u) A (u) 

We therefore see that the ground form may be written 


AS |, 


ds? = (A (K))? (Ky + JJ AUD dv), — (28.5) 


where v may be expressed by quadrature in terms of K and 
integrals of functions of it. 

We thus see that given two ground forms, for each of 
which A (E) is a function of K and also A, (K) is a function 
of K,the two forms are equivalent if, and only if, the functional 
forms are the same. 


$ 29. Conditions for equivalence in the general case. 
Finally we have the general and the simplest case when K is 
not a constant, and A(X) and A,(K) are not both functions 
of K. . 


In this case we have two invariants, say u and v. We 
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take these invariants as the coordinates, when the ground 
form becomes 
A (v) du? —2 ^ (u, v) dudv + A (u) dv? 
A (u) A (v) - (A (u, v)? 

The necessary and sufficient conditions, that two such 
. ground forms may be equivalent, are that, for each of the 
forms, A(u), A(u,v), A(v) (29 . 2) 
may be respectively the same functions of w and ». 

We now know in all cases the tests which will determine 
whether two assigned ground forms are, or are not, equivalent. 


ds? = (29.1) 


$ 80. The functions called rotation functions. When the 
measure of curvature * is constant we saw [§ 24] that the re- 
duction of the ground form to its canonical form depends 
on finding an integral of the complete system of differential 
equations 
P.u + Ka, P =0, Pot Kay —0, $.4 Kayo = 0. 
(30.1) 
We shall now show how this integral may be found by 
aid of Riccati’s equation. 
Take any four functions, which we denote by q,, qas 713 T2 
and which will satisfy the three algebraic equations 
Kay = gi tri, Kay-—qiqtrr Kay, = Qi +72. (30.2) 
The functions thus chosen are not tensor components, but 
we shall operate on them in accordance with our notation 
with 1 and 2. 
These two operators annihilate Ka,,, Kaiz, Ka,,, and there- 
fore we have 
Q0: 7,7), — 06, Uheat TT. = 9, 
VIz dodi FMT t T3074 = O, 
Iar t Qoi: V 1T E T4. = O, 
Valari HTa = 0, ofzo +T = O. 
We define two other functions p, and p, by 
dicm Pp he — nP (30.3) 


* (This name for the invariant K will be shown later to have geometrical 
fitness See § 37.] 
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I 
bo 


It at once follows by simple algebra that 


MatPN=% NarPir = O, 
Tira tP = 0, qq Par = 0, 
Mert Pid, = 9% d.a 70s = O, 
Torg Dag = 0, Yoru Dag = 9. 
We then have Mee tree Pidisa = O, 
Treat Pernt Py 9 
and therefore (21—12) 7,49, (p,.,—p,.,) = 0, 
that is, {1E12} v, = qu(py.o— p, (30.4) 
or atk (3512) v, = qp, —92,.,). (30.5) 
Now 


wk (15 12) v, = af? (1212) r, = ak (uU rV 4 ay), 


= Kum —aur) = r (G2 Hri) — r (de +r ro), 


—quimmq-n qd); 
and therefore DPva—DPea = quU qun, 
. 9) o p, 
that 18, dT, — Du, = qQ"Uo—qQ, i. (30. 6) 
Similarly we have 
oq oq. 
an, 7 32, = NPS 4p, (30. 7) 
or On, 
" — x, = 1142 — Pet: (30.8) 


Any six functions p,, Po) Qi» Qo Tis 7, Which satisfy these 
three equations are called rotation functions. They have 
important geometrical properties and are much used by 
Darboux, but here we simply regard them as algebraically 
defined functions. 


§ 31. Integration of the complete system of § 24. Now 
consider the equations 


ob 
35; "T Qt nq, = 9, d, MT, +N, = 05 
om on 
jo, TP + om = 0, da, Ts + lr, = 0; 
on òn 
dE, dg + mp, = = 0, Sa, a +MP = 0. (31.1) 
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These equations are consistent because the functions 


Pi» Pas Tis Tz» Tis Ve . 
are rotation functions; and we see that 224 m?4+7n? is a 
constant. 


Let -lim (31.2 
V/ [3 +m? + n?— nr 
where ¢ stands for V —1: wo have 

90 — ip qi qi — 
w 3 9-0 
vo ‘Pat qa. — Ups. 
90 — py 4s T2 — t» 31.3 
às, 5 —uL, wot! 2 ( ) 


We can therefore find o by the solution of Riceati's equation. 
To determine J, m, n we have 








L4- um E l—uim 
M ——— aS g m ———— I 3 
Ve+me+ni—-n’ A/ [2 -- an? P Hm 
and [? -- m? +n? = constant: 


and we thus see how, when we are given the rotation 
functions, we can determine /, m, m. 
We can now at once verify that 


L4,4 Kayl— 0, l4, Kal — 0, DL, Kal — 0, (31.4) 
and that — A (D) = K (m? +n?) = K (constant — 0). (32.5) 

We have thus shown how a common integral of the com- 
plete system can be obtained by aid of Riccati's equation. 
The Z, m, n which we thus obtain will be the direction 
cosines of the normal to the surface, but we do not make any 
use of our knowledge of a third dimension in obtaining 
l,m, m. 
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CHAPTER III* 


GEODESICS IN TWO-WAY SPACE 


§ 32. Differential equation of a geodesic. We have now 
considered the ground form of a surface, and’ we know the 
method by which we are to determine when two given ground 
forms are equivalent; that is when they are transformable 
the one into the other by a change of the variables. 

We now wish to consider the geometry on the surface 
regarded as a two-way space; and we are thus led to the 
theory of geodesics. We have 





ds? = a dada, : (32.1) 
and therefore 
dôs da, or ah dóz, dæ; vu 
2 ds — Ck ds ds k ds ds “+ ds ds Sin: 
d dæ; 


da, 
= dk us. Oy + la a — E Bw) 


Say 5 ds (ea "t)- ba; FAC w gE) 


da, (2), OU gp, 
ds ds 92, 





t’ 
For a path of critical length we therefore have 


d da d da, dg), d; die 
AG it de) + AQ th d) = x, ds ds (32.2) 





od, 
Now TU (itk) + (kti) ; 
OX; 


and we notice that, though (itk) Æ (kti), yet 
rur dag — = (kti ) i C 


— 32.8 
ds ds ( ) 
* (Soc foot-note on p, 25.] 
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The path of critical length therefore satisfies the equation 
d dx, das; day 
7 = " (32:4 
a "ds = (itk ds ds ( ) 
$ 83. Another form of the equation. The expressions 


da ax, 
—! and — 
ds ds 


are called the direction cosines of tho element. They determine 
the position of the element at the point z,, 2, but they are 
not, in gencral, the cosines of the angles the element makes 
with the parametric lines. We denote them by £!, £? in tensor 
notation. 

For a geodesic wo therefore have 


l ; ay ag al; 
(used!) = (ith) gh. (33.1) 
We can put this oquation in another form. We have 


d dæ, 905 
le = 
i de a, 


= £^ (ipt) + é (pU), 


—— ( 
(ls 


and therefore 


d. uoc fab 
tayo E e EP (ipl) + EEP (tpi) = (ith Eee. (83.2) 


Now £i ep (tpi) = Er Eh (thi) = Ei gh (Att) 
and E EÀ (ith) = e (kti). 
We then have for a Booms 
ta EU (It) BRP = v, (33.3) 
and therefore, multiplying by a! and summing, 
© e+ (ip EMEP = 0. (33.4) 
l'or a geodesic we thus have either of the two cquivalent 
equations l 
© (aug) = Gp) ££. (33.1) 


-— (pqi) Pét = 0. (33.4) 
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$ 84. Condition that orthogonal trajectories be geodesics. 
If two elements at 2,, 7, are perpendicular to one another 


we havé 


a, Ax, Ox, + Ay, (da dx, -- dan, dx) + a, da, 0m, = 0. (34 


.1) 


The elements perpendicular to the curve $ — constant will 


then satisfy the equation 


P, (a4, 42, + AdE) = P (udo, a, dv,), ^ (34.2) 
or tie. + Ged" = u$, 
taz + 45565 = phy, (34.3) 
where pu is some multiplier. 
We have 
fh = p (ad, +a), E = wrth, ru), — (34.4) 
and, as ca E EI = 1, 
we sce that p (85, £0, = 1; 
and therefore p A (o) = 1. . (34.5) 
We thus have 
$, 9. 
tay E bau = MÀ LÀ, ye VP = (34. 6) 
v A (9) VA (9 
1 a! e, tap, 2 — a!’ h, + (^, . (34 . 7) 
VA ($) V A (d) 


Now £ (ae!) — (ipo) £^£' 








Pi 4 1 Pr 
d wy V ^ () (1999) «t Jag , 


sd Qi p 
= Oe Tay (00 Vad | 
— £p Pip ip | gi (A : (P))p P), 
VA(b) 2(A(¢))2 
= Gt (bip E ^ a ay) 





AID Pep nal NT 


* 
— Nt 23(A(Q) | 


A ($) 2 (A ($ 
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And, as A ($) = ai hada: 
we see that (A ()); = aP1 p. pipa 010,9. ,;, 


— 20 $, P+ nis 
We therefore have 


do an. op pza — S(O): pA (9. ^9) 
qg Cug’) — (ipa) i'i = ZA) “2 (A$)? 


Suppose now that $ is a function of the parameters such 


that A ($) = F($). (34.9) 
We see at once that the right-hand member of the above 
equation vanishes; and therefore the orthogonal trajectories 
of the curves ¢ = constant are geodesics, if A($) is a 
function of ¢. 
Conversely we sec that, the orthogonal trajectories of any 


system of geodesics being $ = constant, A($) must be a 
function of @. 





(34.8) 


$ 35. Geodesic curvature. If £! £? are the direction cosines 
of an element of the curve $ — constant, we have 


£o, = 0, cta E EF = 1, 
and therefore 


$, = ab (Ag) P, go, = —at (Ag) £t. (35.1) 
Differentiating £^, = 0 


with respect to the are, we have 


bgi t EPET (P. pa + (PIES 9$) = 0; 


. l , ; 
that is, $, (7: £P + {ikp} igh) t$. S£" £1 = 0. 
We therefore have, summing along the curve, 


IG (d£ + {ik1} gigkda) — E! (d£ + {ik2} €*E*ds)) 


+ | Gn ()* 26-0404 b-n(G,)") a7 3 (8 (9) de = 0. 
(35. 2) 


"The first integral if summed along a small length of the 
curve only differs by a small quantity of the second order 
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from the same integral if summed along the curve formed by 
the geodesic tangents at its extremitics. 

Now, summed along a geodesic, wo know that the first 
integral vanishes, but summed along the curve formed by 
two geodesics the integral is 

gin? — £l, (35.3) 
where £', £? and $!, 5? are tho direction cosines of the two 
geodesics at their common point. 

The angle æ between the two elements whose direction 
cosines are £1, £? and n!, 7? is given by 

a3 (£s? — é? g’) = sina. (35.4) 


We therefore have the formula 


-1 Ue -8 - 
! = (P-n (Pa)? 26.9.0, + 6. (9?) à * (A0) >, 
(35.5) 
where d0 is the small angle at which the geodesic tangents 
at the extremities of «s intersect. The formula for the 
geodesic curvature of the curve ¢ = constant is therefore 


= (6. (6)*—29. 120195 + Pros (91) “yan (Ap) å, (35.6) 


$ 36. We can express the above formula in a better form: 
to prove this we employ the coordinates which are Euclidean 
at a specified point. 
We have at the specified point 
(Ad), = 26,04 +2 Gb, 
(Ad), = 2b, Pie 2 by Pye, 
and therefore 
A ($, Ad) = $ (AD), +9, (Ap) 
= 2 (Pn ($1)? + 2 GiGi P2 + Pa (P,)*). (36 «1 
Now A: ($) = Pn t $n, Alp) = (1)? + (,)*, 


and therefore at the specified point 


$u ($a) —2 Pip $P + Papi 
QU 4 ($) (6) - $^(06, 59), (36.2) 


and at the specified point « is unity. 
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We thus have at the specified point of the curve, and there- 
fore at every point of the curve, 


1 _ A (ġ) 

Py = Tah 

The method of thus employing Euclidean coordinates is 

very helpful in proving formulae in the tensor calculus, The 

direct proof of the equality 

A, (9) 4 
(Adi * ^ (6 (49) 4) 

7 = ($. ($,)* — 2 $.1.019, + $.3($)?) a7 (A 9) (36 ° 4) 


would be much longer. 


+ A(g,(4¢)- ). (36. 3) 


$ 87. Polar geodesic coordinates. The measure of curva- 
ture K. The geodesic curvature of a curve is given by the 
formula 


1 
abe ( È E + (dk 2 } gig") — ub £? (E + {ikl} eg), 
(37.1) 
where £!, £? are the direction cosines of an element of the curve. 
If we take, and we shall see that we can take, the ground 
form of the surface to be 
du? + B* d», (37. 2) 
where w is the geodesic distance of any point on the surface 
from a fixed point on the surface, and the curves v = constant 
are geodesics passing through the fixed points, dv being the 
angle at tho point between two neighbouring geodesics, B 
being a function of w and v which on expansion in the neigh- 
bourhood of the fixed point is of the form w+..., where tho 
terms denoted by +... are of degree above the first, we 
employ what we may call polar geodesie coordinates with 
respect to the fixed point. 
Let us now employ polar geodesie coordinates to interpret 
the formula for geodesic curvature. We have 
{111} 20, {112} 20, {121} =0, {122} -^. 


{221} 2 — BB,, and (222) = 78. (37 .3) 


Py 
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If 6 is the angle at which the curvo crosses the geodesics 
through the fixed point, 
£!-— cos 0, BE = sin 6, 
and [see § 43] the measure of curvature K of the surface is 


given y KB+B,, — 0. (37 . 4) 
e nave 


a (SE + {ikl jr) = = B(—sin 6 go -— P sin* 8), 


a (SE + (ik 2) gig") 


_ p(t: dÓ  sin6 


B, . 
de e (B, cos 6 + jg sin 8) 


+ 28, i sin 0 cos 6 + P * sin? 6). 


D" 
1  d0 Bi; 
and therefore p; de tg sin 0. (37 .5) 
Now consider the expression 
f Kas, (37.6) 


where dS is an element of area of the surface, and take the 
summation over the small strip bounded by two neighbouring 
geodesics through the origin of the polar geodesic coordinates 
and an clement of the curve. 


The expression is f KBdudv, 
and this is equal to — f | By dudu 
= — fs, — 1) dv, 
= dy— fs sin Ods. (37.7) 


It follows that 


taken over the boundary of any closed curve surrounding 
the point is equal to . . 
2m — | Kas, (37.8) 
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where the integral is to be taken over the area of the 
curve. 

We thus have a geometrical interpretation of the measure 
of curvature: it is the excess of 2m over the angle turned 
through by the geodesic tangent, as we describe a small closed 
curve, divided by the area of the curve. It will be noticed 
that in this definition we do not make use of any knowledge 
of a space other than the two-way space of the surface itself. 
This is what the curvature of a two-way space must mean 
to a mathematician to whom the knowledge of a three-way 
space can only be apprehended in the same vague way as 
we speak of a four-dimensional space, 


§ 38. Recapitulation. Parallel curves. It may be con- 
venient to bring together the various formulae which so far 
we have proved in connexion with dircction cosines and 
geodesics before we proceed further. 

_ da, oda, 


= a $7493 
E =mi (Ad) tp, & = wth (Ad) to, (35.1) 


where the direction cosines are those of an element of the 
curve @ = constant; 


& = (ah, FUP Ph.) (AP) 5, P = (api +h.) (AG) 3, 
(34. 7)’ 


where the direction cosines are those of an element perpen- 
dicular to the curve; for a geodesic we have 


Ü . . , . tr 
7, (i£) = (til) gg, (33.1) 
! : ° r 
F E+ {pai} £^ £t = o. (33. 4) 


The orthogonal trajectories of the curves d = constant, 
where A(¢) is a function of ¢, are geodesics, and the ortho- 
gonal trajectories of any system of geodesics are curves 
$ = constant, where A ($) is a function of ¢. (34.9)! 

Leaving aside the case when A(4$) is zero, we can choose 
the function $ so that = A (9) = 1. 
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If we know any integral of this partial differential equation 
involving an arbitrary constant 


$ (2, To, a) — 0, 


then the system of eurves oe = B 


will be geodesics: for A (9. 5$) = 0, 


and, as the condition that two families of curves 
$ = constant, y = constant, 
may cut orthogonally is A ($, y) = 0, we conclude that the 


curves op — 


= (38.1) 


will be geodesics, since they cut the curves $ = constant 
orthogonally. 
If we choose the arbitrary constant 8 so that the geodesics 
given by dp 
3a ~ P 


may all pass through a fixed point, and if we take the 
equation of the geodesies to be v — constant and tako v as 
one of our parametrie coordinates and $ to be the other 
parametric coordinate u, we havo 
A(wu)=1, A(u,v) = 0. 

The ground form of the surface then takes the form 

du? + Bedv?, (37.2) 
and in the neighbourhood of the fixed point, through which 
the geodesics pass, we may clearly take from elementary 
geometry that B=wt.... 


We thus have what we called the polar geodesie coordinates. 
We have do = p dæ, + $,d2,, and therefore, £, £? being the 

direetion eosines of an element perpendicular to the curve 

$ = constant, the length dn of the normal element is given by 


d$ = dn (h E +p. £) = dn / A ($), 
or i of = VA ($). (38.2) 
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The curves which satisfy the equation 


A(ġ)=1 . (38.3) 
are called parallel curves. We see thus that two parallel 
curves cut off equal intercepts on the geodesies whieh cut 
them orthogonally. 

If particles, constrained to lie on a smooth surface and 
acted on by no forces but the normal reaction of the surface, 
are projected at the same instant, with the same velocities 
normal to any curve, they will at any other instant lie on 
a parallel curve. 

From the theory of partial differential equations we know 
that any curve on the surfaco will have a series of curves 
parallel to it, though the finding of them involves the solution 
of the equation A() = 1. 

The explicit forms of the differential equations 

V 
JE 4 dog (pgi = 0 
of a geodesic are 
à, {111} $2 4 2 {121} dd, + (221) č? = 0, 
ai, + {112} @2 +2 {122} d44,--(222] $2 — 0, (38.4) 
where the dot denotes differentiation with respect to the are. 
If we write the variables as x and y and let 


_ dy 03 
p= da: > (= diac ’ 
we have y = åp, j = p+ t?q, 


and the equation of the geodesic becomes 
q— {221} p> 4 ((2221 —2 (121]) 5? 
+(2{122}—{111})p+{112} =0. (38.5) 


$ 39. Notes regarding geodesic curvature. Now consider- 
ing geodesic curvature, in the figure on p. 52 P and Q are two 
neighbouring points on any curve, PT and TQ are the 
geodesic tangents at P and Q, and QM is an element of arc 
perpendicular to the geodesic tangent PT M. 

By definition the geodesic curvature of the given curve at 
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P is the limiting ratio of the angle QTM to the are PQ as Q 
approaches P. We therefore have 
1. 2QM 
p PGE 
and thus have the analogue of Newton's measure of curvature 
of a plane curve for a curve on the surface. It is the geodesic 
curvature only that has a meaning when we confine our 
attention to the two-way spaco on a surface. 
We have the formula 
1 A,(¢) 
Pg — AA (d) ($) 
and we may apply it to find the gcodesic curvature of the 
curve all the points of which are at a constant geodesic 


T M 


(39.1) 


+ A(¢, (^9)73), (36.3) 


P 
zT Q 


distance from the origin, in the polar geodesic coordinate 
: K 742.4 Pen? 
system. We have ds? = du?+ B*dv?, 


$ = ^ 
1 

and therefore —— zu log B. 
py dU 


The curvature will be constant if, and only if, 


B = f (u) F (v), 


that is, if the surface is applicable on one of revolution. 


. 1 . . 
The curvature will then only be a? 2 it would be in 


a plane, if ds? = du? +u? di’, 


that is, if the surface is applicable on a plane. 
If we take the case where K is positive unity and 
ds? = du? + sin?  dv?, 
we see that the geodesic curvature of a small circle i is cot u. 


If we take the form ‘ | 
ds? = du? + e724 dv, 
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which is applicable to the tractrix or any surface applicable 
on it, we sce that the geodesic curvature of the curves 
w = constant is minus unity. 


$ 40. The formula for the geodesic curvature may be written 


1l E A, (p) +A (9, 10g (Apy) (40.1) 
Py V Ad 


Let p bo an integrating factor of 
a3 (d? dx, — tdr), 
where p = ap rao, PF Sw? dh, ua, 


so that pq? =y, pep = y, 
ò ò 
aefore -luagh —— (uaà 2) = 0. 
and therefore 3a; (p «39!) + 5a, (azp?) = 0 
Now ut A, ($) = Zuip, A ($, p) = $' ut, 
f 
and therefore B A, ($) + A (A, u) = 9, 
that is, A, (p) + A (o, log p) = 0. 
The formula for curvature may therefore be written 
1 _ AGG log u (A9)). (40 . 2) 
Pg (A¢)4 


This is an equation to give the integrating factor. When 
the integrating factor is known we can find the function y 
by quadrature; and, as 

A ($, V) = ove = 0, (40. 3) 
we have then the equation of the orthogonal trajectories of 
the curves ¢ = constant. 

In particular when the curves ¢ = constant are geodesics, 
we may take u= (Ad)-3, (40 .4) 
and we thus see that the orthogonal trajectories of any 
system of geodesics may be found by quadrature. 

In general we have uv Ao = AY, 
and thus tho formula for the geodesic curvature of the curves 
p = constant may be written 

1 _ A(g, log V Ay) 
—— — XA ge — 3 
Dg M Ad * 


where the curves yy = constant are the orthogonal trajectories. 


(40.5) 
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$ 41. Integration of geodesic equations when K is con- 
stant. We have obtained the differential equation of a geodesic 
on any surface, but, in general, we cannot solve the equation 
we have arrived at. Sometimes we can. Thus when the 
measure of curvature is positive unity we may take the 


ground form to be qy = du? 4 sin? u dv? (41. 1) 


We then have as the equation of the geodesic 


dé B, e 
ls + p sin 0 = 0, 
. dô , 
that is, cos 0 — + eot usin 0 = 0, 
du 
or sin Ó sin u = constant. 
, l 
Now sin 0 = sinu, 
ds 
o dU _ . 
and therefore Bin? u cy = sin a, (41.2) 


where « is some constant. 

We could have obtained this equation directly, as we easily 
see, by the rules of the Caleulus of Variations. 

We deduce that 


sin? u (1 — (22)) = sin? a, 
ds 
and therefore COS t, = COS (X COS S, 
and we thus obtain the equations 
ng Sin Q COS S tan s 


si 
sin v = , e089 — ——.-——-, tanv= ~ —. (41.3) 
sin u BIN u sin q 





We now see that 
COS WU, COS Ug + SIN 44, Sin Ug COS (v, — V3) 
= Cos? & COS 8, COS 8, + sin? A COS 8, COS 8, + Sin 8, Sin &,, 


= COS (8, — 8). 
This is just the well-known formula of spherical trigonometry 
COS C = cosa cos b+ sin asin b cos C. (41.4) 


Similarly we could obtain the formula 
cosh (& —&;) = cosh &, cosh u,—sinh u sinh ug cos (v, — v3); 
(41.5) 


INTEGRATION OF GEODESIC EQUATIONS 55 


which would be applicable to a surface of constant negative 
curvature. 


The formula B 


ds 


-— *«] KdS = 2m, 


when applied to a geodesic triangle on a surface of curvature 
positive unity, gives us the well-known formula for the area 


of a spherical triangle 44 p, C—m; (41.6) 


and more generally for any surface of constant curvature 
K1(A+B+C~rn). (41.7) 


§ 42. Focal coordinates. If we take, as the coordinates of 
a point on a surface, the geodesic distances of the point from 
two fixed points on the surface, the ground form will take 
the form (sin a) ^? (du? + dv? — 2 cos a dudv), 
where a is tho angle between the two geodesic distances. 

We easily see this ycometrically, using the property that 
the locus of a point at a constant geodesic distance from 
a fixed point is a curve cutting the geodesic radii vectores 
orthogonally. Analytically we prove the formula from the 
fact that A (u) and A (v) are both unity, and applying this to 
the general ground form 


A? du? + Bedr? — 2 A B cos xdwdv, 


when we have A? = D? = cosec? a. 
If we take 2w-wrv, 2y=u-y, 
2 2 X 2 2 X 2 
we have ds? = sec 3 da? + coscc z y (42.1) 


This systein of coordinates may be called focal coordinates: 
the curves æ = constant will represent confocal ellipses; that 
is, curves the sum of whose geodesic distances from two fixed 
points, which we call the foci, is constant. 

Similarly the curves y = constant will represent confocal 
hyperbolas, and we see that the ellipses and hyperbolas 
intersect orthogonally. 


§ 43. Explicit expressions for sympols {ikj} and for K. 
It will be convenient here to give in explicit form Christoffel’s 
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three-index symbols of the second kind,* as we so often need 
them, and expressions for the measure of curvature. 
We take the ground form 


ds? = edu? + 2 f dud + gdv?, (43 . 1) 
and we then have a = e = eg—f’, (43.2) 
2h? {111} = ge,+f(e,—2f,), 2h? {112} = e (2f, — e) — fe, 
2h? {121} = ye,—fy,, 2h* (122) = eg, — fez, 


2h? {221} = g(25—9) -JJe 2 (2221 = eg, +f (g, — 2f), 
(43.3)... (43.8) 
4M K = e(g.(e,—2f) gi) +g (4 (y, —2f.) +e?) 
— 2h? (ea, +9 — 2 fio) 
Pepe a (43.9) 


LH meer 


or 4ÀK + -- 
ou 


el A) (e, =f) _ , 
M g) +? h )-* (43.9) 
If we take as the ground form 
A?du? +2 AB cos adu dv + B dv’, 


the last formula becomes 


B,— =A 20058) à faz i e a) 0 
T7773 


ABsinalk +a — ee 
+ wt s A sin X QU Bsin a 


(43.10) 











which is Darboux's form. 


* [Thoso of the first kind are at once 
(111) 24e, (112) = fi— $e, 
(121) = (211) = $e, (122) = (212) = $9, 
(221) = f,—439g,, (222) = $m. 
We also have 


ssi ESRR e (QS) 


-4 dpdy pdy | dp dy 92v]. 

^ (P, V) "ov dy (32554 AA ) +9 DE 
n \16/ Ip „òðġ HO -*) 
^19 = 4 Su E ðu x)l* is. p ov — ist) 
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In particular if the parametric coordinates are geodesics 


we have {221} 2 0, {112} — 0, (43.11) 
and therefore 
x p Fir Aycosa _ 6 A, — B cos a 
2 Asina ^ ^" at “Bain a 


and the formula for the curvature takes the simple form 
AB sin aK = o. (43.12) 


From this formula we could easily deduce again the formula 


IPE | [idi = 2m, 


When we take the ground form to be 
A? du? + B*dv?, 
we have 
9B à 
ABK + è (ans 1 m - (8^ 4) — 0. (43.13) 


ÒU 


When we take the sound form to be 


e (du? + dv*), 
we have 
_ A |n C2 bla f » 4 
(jpeg {112} s=, {121} => (122) 55^ 
1 — 4 _ 
{221 | um 26? (222) = 57, 
(43.14)... (43.19) 
d? DNL 
22 PL 
A, (d) —e1 Goa + <a)? (43. 21) 
— gl 
A($) =e (C$) + Gf Py. (43.22) 
Finally, when we take the ground form to be 
Ms 
fK + 5 s; C98 = — : 0, (43.23) 
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ML 
8,0) = 3 se (43.24) 
| dpd 


7$ 44. Liouville’s specia form. When the ground form of 
a surface takes the special fórm— Liouville's form— 


ds? = (U + V) (du? + dv), (44.1) 


U and V denoting functions of u and v respectively, we 
can find a first integral of the equation of geodesic lines. 
For the form e (du? 4- d'v*), 
oif! cos0, «eig = sin ð, 


and the equation of a geodesic becomes 


a0 . 
208 - + e, sin Ó —e, cos 0 = 0, 
ds - 
d., 2. 
that is, Au (e$ sin 0) + 57 (e? cos 6) = 0. (44.2) 


We therefore have 
esin 0 = $,, cheos? — —9,, 
and e = 014i 
that is, A(ġ)=1. (44.3) 


In the particular ease of Liouville’s surface 


and we obtain a complete integral of this partial differential 
equation by equating the above expressions to a constant. 


We thus have $,— VU-ta, b= V V—a, 


giving the first integral 


ei cos 0 =—VU+u, esin — V V—«, (44.4) 
du? du? 
QUU aL. 44.5 
o! U+a V—ua (44.5) 
$ 45. Null lines. Complex functions of position. We 
shall now consider a further application of Beltrami's differ- 


ential parameters to the geometry of surfaces. 
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The null lines of a surface are the lines which satisfy the 
equation Qa dada, = 0. . (45.1) 

These lines play the part in the geometry of a surface 
which the circular lines play in plane Euclidean geometry. 

If the equation of the null lines is ¢ = constant, 
then ^ (od) = 0. (45. 2) 

To obtain the null lines we must therefore be able to solve 
this equation. 

The equation will have two independent integrals. If we 
take these integrals as the parameters we employ what we call 
null coordinates. The ground form takes the form 


2 f da, dv, (45.3) 
20 
and, as we have seen, A($) = 7 af £ . 
If then A ($) — 0, | 


$ must be a function of w only, or a function of v only. 
A function satisfying the equation may be called a complex 
function of position. There are therefore only two types of 
complex functions of position, viz. the two functions whose 
differentials are multiples of the factors of ds*. ‘The first we 
shall take as that which corresponds to the factor 


(ada + («5 + Va) dæ) + «4, (45 . 4) 
and the second that which corresponds to 
(uy, do, + (044 — «V a) dax) + a. (45.5) 


We need only consider those which correspond to the first 
faetor, and, if we do this, we can say that every function of 
position is a function of every other sueh complex function. 

Thus in the case of the plane, where we have 

ds? = da? + dy? = dr? 12467, 
€ +y is a complex function of position since its differential is 
a multiple (unity) of dz (dy of the first factor of da? + dy”, 
and logr+.:@ is a complex function of position since its 


differentia] e 4 (dÓ is a multiple (-) of dr+irdô of the 


first factor of dr24+ 77d 6?; and logr-+.6 is a function of 
q 4- uy. 
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Just as the position of any point in the plane is given by 
means of the complex variable w+ cy, so the position of any 
point on a surface is given by means of the complex variable 
^ where u is an integral of 


A ($) = 0. (45.2) 


$ 46. Conjugate Harmonic’ Functions. Mapping on a 
plane. Let tis now consider the equation 


A, (p) = 0, (46.1) 
that i * aij! ag? 46.2 
~—— (U8 —— a42 Q“ = ed 
at 18, oa, ud Fe, aio , ( ) 
where p =al pi +a gp, P=a’d, +a" gy. (46 . 3) 
The expression aiQ?da, —aió'dz, 


is thus a perfect differential if A,(%) is zero; and we have 


qi! = qr, aid? — yh, (46 . 4) 
and therefore aiy! — —4,, ai? = Q, (46 . 5) 
It follows that ^;() — 0, A($,q)-— 0. (46 . 6) 


Thus if $ is any integral of A, ($) = 0 we can by quad- 
rature find y, another integral of the equation, and the two 
curves $ = constant, y = constant will cut orthogonally. 

A real function, annihilated by the linear operator A, of 
the second order, is said to be a harmonic function. The 
function «y, obtained as explained by quadrature from 9, is 
called the conjugate harmonie function to œ. It will be 
noticed that the function conjugate to y is not $ but — $. 


We also have A (d) = A (4), (46 . 7) 
and therefore, since A (9, yy) = 0, 
we sce that A ( t uy) = 0. (46.8) 


The function @+ cy is thus a complex function of position 
on the surface. 

If we take w-ó,v—wW 
we have ds? = (A ($))7 (du? + dv’). (46.9) 

Thus the problem of mapping any surface on a plane, .so 
that the map may be a true representation of the surface as 
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regards similarity of small figures in each, just depends on 
the solution of the equation 
A, ($) = 0. (46 . 1) 
The magnifying factor from the surface to the plane 
is A (9). 
Thus to map any surface, applicable on a sphere of unit 
radius, and whose ground form may therefore be taken as 
du? + sin? udv?, (46 . 10) 
upon a plane we have — A,($) = 0; 
and this tells us that $ must be a function of 


u 
log (tan 2 ) tu. 
We thus obtain Mercator's Projection 
WU 
z = log (tan =’), Y =v. (46.11) 


The theory of conjugate functions of position on a surface 
can be applied to problems in Hydrodynamics and Electricity 
as has been done in the case of the plane. Thus if @ is 
a harmonic function on the surface, we may take it to be the 
velocity potential in the irrotational motion of a liquid over 
the surfaco, and y, the conjugate harmonie function, will then 
be the streain function. 

Conversely, if the ground form is taken to be 


ds? = e (du? + dv), (46 . 12) 
u and v will be conjugate harmonic functions. 


CHAPTER IV 


TWO-WAY SPACE AS A LOCUS IN 
EUCLIDEAN SPACE 


§ 47. A quaternion notation. So far we have been think- 
ing of the two-way space associated with the ground form 


ds? = dir 
we must now think of that spaco as a surface locus in 
Euclidean space. 

Let &, i", o'’ be three symbols which are to obey the 


associative law and the following self-consistent laws: 


dada, ; 


49 tl / LE ad fot ar 


WY =, UPC gg m US C” m CC, 
HIM tI / PUn. I? 4 vie 
a = t, Ra S, t =t, 
ce =l, Pl Ssl, QUU m oq. (47.1) 
Let z', xz", w’’ be three ordinary numbers called scalar 
quantities, then, if 4, — gt 4,7 V pa e", (47.2) 


x may be said to be a complex number. 
If we take y = y' L ! ay" ug y" "n 


we see that 
vt ti gil! LE 


ay — — (x y' Tc y +” 4 y”) + (xy I y ) u 

+(x ay! — a q^) U o (x y " -gy) "440 (47 . 3) 
so that ay consists of two parts, a scalar part and a complex 
number. We write the scalar part 


Say or xy, (47.4) 
and the complex part Vay or cy. (47 . 5) 


It follows that <? is a pure scalar. 
We may easily verify the following results: 


LY = YX, ay = — ya, LY +H Yx = 2xy, 


wy —yo = 2ay, (x+y? = «y r2, 
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and, by multiplying the two matrices 
a! gel! gl 
3" y" y^" 
we verify that 


| w' w” aw’ 











"o P "n 
j 





— 


SLY ZW = RWYZ— UZYW, 
Nee — Ne 
Væyz = zay — yer, 
x N” 


Vryz + Vy ze + Vexy = 0, 

If we take 0’, i, ’’’ to be unit vectors in the positive 
directions along tlie axes of rectangular Cartesian eoordinates, 
then æ will be the vector from the origin to the point whose 
coordinates are g’, z^, a". The length of the vector œ will 
be denoted by |z|. The symbol ay will denote a vector at 
right angles to æ and y, and in the sense that, if the left hand 


is along æ and the right hand along y, then the direction xy 
will be from foot to head; the magnitude of the vector will 
be |æ| |y | sin 0, where 6 is the angle between æ and y froin 
left to right. 

The scalar ay will be equal to —|« 








| y | cos 8. 


$ 48. Introduction of new fundamental magnitudes and 
equations. Now letz bea vector whose components 2’, 2”, z'"' 
are functions of the parameters a, and a,, that is, of the 
coordinates of the two-way space. We have 


dz = Za, 

and Uik = — Fp 

The vector z traces out a surface. Let the unit vector 
drawn at the extremity of z normal to this surface be denoted 
by A. We have proved [in § 13] that z.j; is parallel to A. 
We therefore have Zeep = 241A, (48.1) 
where Ni, is a scalar quantity. 

We know that 

£47 Zane = (hk — kh) z; = (Ahh 2, 
and therefore . 
(Piren Pink) A+ iN — i, = GU) z,. (48.2) 
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Multiplying across by A and taking the scalar product 
we have, since A, = 0, AA, = 0, A2, = 0, 


the equation Dien = Ring (48. 3) 
This is true for all values of 2, h, k from 1 to 2 inclusive, 

and Niy = f2,;, so that 
fing = Qo, Nyy = Ay. (48. 4) 


These equations are known as Codazzi's equatious. 


$ 49. Connexion of the magnitudes with curvature. The 
length of the perpendicular from a point at the extremity of 
the vector z--óz (where dz is not necessarily small) on the 
tangent plane at the extremity of z is 
— Aóz. (49.1) 
If we now take 62 so small that cubos of ôx, da, may be 
neglected, the length becomes 
— 4% (Az. 00? + 2r2 4490 62, + À 2.4400), 
that is, £ (N ôL? +2N,,d2,dx,+ 2,822). (49.2) 
The radius of curvature of any normal section of the 
surface is therefore given by 
1 _ £2, do;da, 


R ik dac; dun, 





(49.3) 


in the tensor notation, and the principal radii of curvature 
are consequently given by 
Rf a, Ef, —-a, 
Rf,o—a.a, RD: ig 
The product of the reciprocals of the principal radii of 
curvature is therefore NaN- N}, 


Tia, (49.5) 


= 0. (49.4) 


Now we saw that 
(1212) = 2.492 4g Zeig 
N — Ne” 
=? (25, — Nir Qo»), 
= RaRa NR, (49 ..6) 
and therefore the invariant K is just the measure of curvature. 
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We thus have the equations 


Ka = 2,,9,,—-N2,, (49.7) 
Diy = Aye, Roi = Me o (48. 4) 

wherewith we are to determine the functions 
Diy, Dy, f2,.* (49.8) 


When we have found these functions we can find the principal 
radii of curvature by aid of the equation 


a 
R l (2,5 + ay Dy, 2a R) + 2,,2,,—N2, = 0, 
(49. 9) 
which may be written 
I 
ke jc kf +07} (42,,12,, — £21.) = 0, (49. 10) 


applying the tensor notation to the cocflicient of » . 


If wo were to keep strictly to the tensor notation we should 
write 2,,2,,—232, as 2. We must distinguish between the 
integer which denotes merely a power, as in f2ł, denoting 
the square of 2,,, and the integer which we called the upper 
integer in a tensor component. The two meanings are not 
likely to cause any practical difficulty in reality. 


§ 50. The normal vector determinate when the functions 
(2,, are known. We must now show how we may determine 
the unit vector A when the functions 2, are known. 


* [It is usual to speak of the functions 2,,, Qir, 05, i.e. (by § 50) aA» 
ey Ag = 22, 4X AS tho fundamental magnitudes of the second order, those 
of the first order being the aji, 045, Gy, or e, f, g of the ground form ds’, and 
to say that the six are connected by Gauss's equation (49.7), in which K 
(§ 48) is a known function of the magnitudes of the first order and their 
derivatives, and by the two Codazzi equations (48.4). Written at greater 
length these two cquations are 


n ð 
55, n - (121) A — (122] Ay) = Da, 03, — {111} 2, — (112) Oya, 


ð ð 
dz 0,, — {122} 0,,— {121} A, = x, 2,,— {222} 0,,— (221) 0 , 
1 1 


and their explicit forms are obtained by substituting in these for {111}, &e., 
from $ 43.] 
2843 K 
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We denote the ground form of the spherical image, that is, 
of the sphere traced out by a unit vector drawn through the 
origin, parallel to the normal at the extremity of z, by 


a, ug, Gray, (50 . 1) 
80 that Q uy = — X,. (50 . 2) 
If A. sh = Ay, — {ikl} M, 


where {ikt}’ refers to the ground form of the spherical image, 

we sce as before that A.;; is parallel to the normal to the 

sphere at the extremity of A: that is A.,, is parallel to A. 
Now AA; is zero, and differentiating we have 


AA FAVA, = 0, 


so that AA. qu HA Ap = O. 
Se” — 
It follows that — A.j; = NALA HW GAS (50.3) 


and as we have shown [in $ 30] how, when «';,... are given, A 
can be obtained by aid of Riccati’s equation, we have only to 
show how a’,,... can bo expressed in terms of «,,... and 
Um ooee 
Along a line of curvature we have 

dz+RdrX = 0; (50.4) 
let R’ and R” be the principal radii of curvature, and let us 
choose the lines of curvature so that they may be the para- 
metric lines, that corresponding to Lt’ being 


dx, = 0, 
and that corresponding to R” being 
da, = 0. 
We therefore have 
z RAM, = 0, %+R"A, = 0. (50.5) 
And it follows that 
yy = Dy, Ay = LD, dy = R Na, Oy RU, 


Na = R'a^y, Ni =R aig Riu = RW Do. = R” a's, 
(50.6) 
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so that aq, — (R RU) Ratau R” = 0, 
d, — (R +R”) D, o^, Zi R” = 0, l l 
doy — (JU HR”) Ryte R” = 0. (50.7) 


Now the expressions on the left in these equations are 
tensor components, and therefore, as they vanish for one 
particular coordinate system, they vanish for all systems. 
That is, the equations are identities. 

We may express the identity in the form 


dz? + (R + R^) dzd A + R'R”dX = 0. (50.8) 
MA 


We thus see how a@’;,... are obtained. 


We see that Ny, = Eidg = ey Ais (50.9) 
for Az; = 0, 
and therefore AZ, Ày2; = 0, 
which gives AZ i Àj2; = 0. 


From the equations 
A19 = fA A1 — A271 = fiy, As 7, = fy, Àz = 0, Az, = 0 
(50. 10) 


we can find z, and z, when A is known, and thus determine z 
by quadrature. 

We have now shown how the determination of the surfaces 
applicable to the ground form 


Ay Coo, dac, 


depends on the determination of the functions £2,;. 
But here comes the difficulty: the equations to determine 
these functions 


— vy = 2 
Nia = 0,54, My = Ay o Ka = RuN- Nie 


are differential equations of the second order which, in general, 
we cannob solve. 

In one very special case we can solve them, viz. when the 
invariant A is zero. In this ease we have shown that the 
ground form may be taken to be 


dæ? + do. (50.11) 
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The equations now become 
ò 9 9 9 





um ias 5 Dy = 5 Dy 
94 12 Qd, 119 on, 12 d, 99» 
and therefore 
o? dD? dH 
ES eae, 12 = y (50.12 
c EN OX, 02, ihe 
o d? o? 
where d“ p = (z $ ty. 
= owe DL OW, 


We can easily prove that we are now led to developable 
surfaces. 


§ 51. Reference to lines of curvature. The measure of 
curvature. When we refer to lines of curvature as para- 
metric lines we have, in (50 . 6), 


tg RS, |, = KD, 
and therefore, unless R’ and R” are equal, we must have 
qu, = Sli = 0. ` (51.1) 
If the radii of curvature aro equal, operating with 1 and 2 
which annihilate a, we have 
RQ, + LD... = 0, 
RQ + RD»... = 0. (51.2) 
Similarly by operating on 
ty, = LQ, ay = Ros, 


we have Ry Ra t ERa = 0, 
R 2+ RS. = 0. (51.3) 
From Codazzi's equations we deduce that 
Ji, Ri = R Ny, 


R R, = I, 
As we cannot have 2,,2,, = Q,, 
unless Ai is infinite, we must have 
Ii, = 0, KR, = 0, (51.4) 
that is, & is constant and the surface must bo a sphere. 


Leaving aside the special case of a sphere, we have when 
the parametric lines are the lines of curvature 


04, = 2, = a'io = 0, (51.5) 
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and we can often simplify proofs of theorems by referring to 
lines of curvature as parametric lines. 

The vector 2,2, is clearly normal to the surface at the 
extremity of z: its magnitude is a3 (or À as it is generally 


written) and therefore eZ, = ai. 

Similarly we have A,À, = A'A. 

The expression Kz;2,—Xj Ax 
is a tensor component. It obviously vanishes when we refer 
to lines of curvature: it therefore vanishes identically and 


we have Kz,z,— X (51.6) 
We then have Kat = «1, (51.7) 


that is, the measure of curvature is the ratio of a small element 
of area on the spherical image to the corresponding area on 
the surface. 


§ 52. Tangential equations. Minimalsurfaces. We shall 
now develop some further formulae. We have 
2, 2..-2?, =aK =a K^! = (aal); 
a Ny = " + g (52.1) 
and, from the formulae connecting 
Cik» Cik Niks 
we casily deduce wk Ngy = RR”, 


uo, 1? Da? yy. / " 
ata = (a) + (r) » aan = (IU F(R’), (52.2) 


We can also obtain formulae applicable to a surface given 
by its tangential equation. This means that instead of 
beginning with a vector z, given in terms of parameters a, 
and #,, we begin with assuming that A is known in terms 
of these parameters, and also p, the perpendicular from the 
origin on the tangent plane to the surface. 

The lines of curvature are given by 


(2, an) da, + (E24, — g) di, = 0, 
(GR, — 045) da, + (I Ry — a) dx, = 0. 
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They are therefore also given by 
(24, — du) dw, + (2,, — Ru’) dx, = 0, 
(£2,, — R^) das, + (Ry — Hu s.) dx, = 0, (52. 3) 


as we see at once from the connecting equations. 
Tho tangential equation of a surface is 


prrAz= 0. (52.4) 
By differentiation wo deduce that 
Pit Ai = 0, 
Pik + Aine + Ail = 0. 


With reference to the ground form of the spherical image we 


therefore have Dep tr Ha 32, = 0. 
Now Acik = ~k À, 
and therefore p.uteuptfg-09  , (52.5) 


When therefore we are given the tangential equation of 
a surface, the lines of curvature and the radii of curvature 
are given by the formulae 


(pi e^ (p R)) dz, (p.15 ^15 (pt E)) da, = 0, 
(P2 «^5 (pt B)) do, (p. tto (p t H)) da, = 0. 
(52.6) 
In particular if we want the parametric lines to be lines of 
curvature on the surface we must have 
Oy, = Qy, = 0, 
and therefore » must satisfy the equation 
Dey, = 0. (52.7) 
There is a particular type of surface with which we 
shall have to do: the minimal surface characterized by the 
property that the principal radii of curvature aro equal and 
opposite. 
The expression SANX2,— SAALZ; (52 . 8) 
is a tensor component, If the surface is a minimal one it 
vanishes when we refer to lines of curvature, and therefore 
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it vanishes always if, and, we see, only if, the surface is 
a minimal one. 
We always have the formula, as we easily see, 


A',p t 2p4 HE +R” = 0. 

The tangential equation of a minimal surface is therefore 
given by A',pt 2p = 0. (52.9) 

If we rofer to the null lines of the spherical image as para- 
metric lines, the ground form of the sphere becomes 

4 (14r 2,2,) 7? da, da, ; 

and the equation which » has to satisfy becomes 
2P 


(1+ aa)" 5 ;, + 2p =o 


It may be shown by Lush method that the most gencral 
solution of this equation is 


(1 2,2,) p = 20, f (2) 24,9 (x) 

+(1+4+2,2,) ) (a 2 f (@,) +45 $' (a,)), (52.10) 
and we have thus obtained the tangential tion of the 
minimal surface. 


§ 58. Weingarten or W surfaces. We now procced to 
consider more gencrally surfaces which, like the minimal 
surface, are characterized by the property that their radii of 
curvature are functionally connected. These surfaces are 
called W surfaces, after Weingarten, who studied their pro- 
perties. 

When we refer to the lines of curvature as parametric lines 
wo have (80.5) 2,4R',=0, zt RA, — 0, 


and therefore (R' — R”) A, = E',3,— RA 


Let R” = f(R') 
dx 
and $ (x) = zem -f(x). 


We easily verify that 


fem q'a) 1. . (a) 


g(a) =~ #@) ew ge OF 
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Now 


R”, Pf (IR) Ry p” (R’ RG P 
RR R” u RHR) p’ (qu) Oa, 54; leg (9' (R yy 
R, _ R, — (Um, , 
PE-RT RJR p = x08 O). 


The equation ied by A thus becomes 
Àj = A, m, 28 (p (1) 29, x log ($ (R), (53.2) 


and therefore, since AX is zero, 
— 


ò A2 ð 
— f m )— . MN 2 ^y = . 
sa run) = OF sz tQ) = 0 
We may therefore, tho lines of curvature stil remaining 
the parametric lines, take 
A2(9(R)?120; A2(9'(U)-?1- 0. (53.3) 
The spherical image of the W surface (that is, it will be 
remembered, the surfaee traced out by a unit vector parallel 
to the normal at the extremity of the vector z, and expressed 
in the coordinates which give z), when the W surface is 
referred to the lines of curvature as parametrie lines, will be 


therefore dæ? Raed 53.4 
($ GRF tO ( )) dæ. ( . ) 

It will be sometimes more convenient to express the para- 
metric coordinates by u and v. 

Conversely, if we are given the ground form of a sphere 
in the form pdu?+qdv*, where p and q are functionally con- 
nected, it will be the spherical image of a W surface referred 
to its lines of curvature. 


§ 54. An example of W surfaces. We may now consider 
some examples. We saw (§ 42) that, referred to what we 
called focal coordinates, the ground form of any surface may 
be taken as da? = sec? Odu? + cosec? 0 dv, (54.1) 
where 2u = PA + PB, 2v = PA—PB, 
and A and B are any two points on the surface which we call 
the foci; PA and PB are geodesic distances and 26 is the 
angle APB, 
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If the surface is applicable on a sphere we see that 


tan? 0 — sin (c — v) sin (c * v V) 
sin(w 4- c) sin (w—c)' 


where 2c is the geodesic distance between A and B. 
Thus $ (E) = cos 0, M (R’) = cosec 0, 


and therefore cosec pd e 57 = —8gin l. 


If we now integrate this equation we. have 
4h’ = sin 20—20 4 e, 


where e is some constant, 





But H'—H'"zx $ Uv ) = gin Ó cos 0, 
$' qv) 
so that 4 R” ——20—sin20-4 e, 
and therefore 2 (// — R”) = sin(e—24 —2 R”). (54.2) 


This is the relation betweon the principal radii of curvature 
of the W surface which corresponds to the spherical image 


sec? Odu? + eosec? Od". (54.1) 


In this ease we know the radii of curvature in terms of the 
parameters since Ó is so known. We thus know the ground 
form both of the surface and of the spherical image, and there- 
foro can find the surface as a locus in space. 


$ 55. The spherical and pseudo-spherical examples. In 
the above example we began with a known ground form for 
the spherical image and deduced the relation between the 
curvatures, 
If we take any knowh ground form for the spherical image 
pdu? + qdv?, 


where p and q are functionally related, and known in terms 
of the parameters, we could proceed similarly. We could 
find the relation between the curvatures and we should 
obtain in known terms of the parameters the ground form of 
the. surface. We could then obtain the surface as a locus 


in space. In my exposition of the method I have followed 
2843 L 
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Darboux and taken the example he gives, as I also do in 
what follows. 

‘When on the other hand we begin with a known relation 
between the eurvatures, we cannot in general find the surface 
as a locus in space. Thus, let us apply the method to the 
problem of finding the surfaces applicable on a sphere of 
unit radius. 

Here we have RR’ = 1, (55.1) 
and we may take R’ = coth 0, R” = tanh 8. 


The function which expresses R” in terms of ft’ is 


fe) =, 


daR’ 


and p(R') =e R = cosech 0, 
$' (I) = cosh 0. 
The ground form of the spherical image is'thus 
sinh? 6 du? + cosh? 0 d?. (55.2) 
On the sphere the measure of curvature is unity, and therefore 
our formula for K gives 


0,, + 992+ sinh 6 cosh 0 = 0. (55.3) 


Now if we knew how to solve this equation we should 
have an expression for 0 in terms of the parameters u and v, 
and we should thus be able to write down the ground forms 
of the surface and of the spherical image in terms of the 
parameters; and thus have the means of determining as loci 
in space all the surfaces which are applicable on the sphere. 

Unfortunately we cannot solve the equation generally. 
This example shows how ultimately nearly all questions in 
Differential Geometry come to vetting a differential equation ; 
and that the complete answer depends on the solution of the 
equation. But even when we cannot solve the equation we 
gain in knowledge by having the differential equation in 
explicit form. ‘Thus it happens sometimes that two apparently 
quite different geometrical problems may depend on the same 
insoluble differential equation. The surfaces connected with 
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the problems are thus brought into relationship with one 
another; and the relationship is sometimes very simple and 
very beautiful. Illustrations of this will occur later. “All we 
can say now is that the differential equation 

O + 0,, -- sinh 6 cosh 0 = 0 


is that on which depends the obtaining of all surfaces which 
are applicable on the sphere: that is, the surfaces whose 
geodesic geometry may be considered as absolutely known, 
being just spherical trigonometry. 

Similarly we might consider the problem of finding the 
surfaces applicable on a pseudosphere. Here we have 


R R” =—1, (55.4) 
and wo take R' = cot 6, R” = —tan 0. 
We find that 
d (cot 0) = coscc 6, o’ (cot 0) = cos 0, 
so that the ground form of the spherical image is 
sin? 0 du? + cos? Qv", (55.5) 
and the equation to determine Ó is 
0,, — 0,, +sin 0 cos 0 = 0. (55.6) 
If we apply the substitution 
24/ =uty, 2v = ur, 20 — 0, 
the equation takes the simpler form 
0,, — sin 6; (55.7) 
and on this equation deponds the obtaining of the surfaces with 
the known pseudospherieal trigonometry, obtainable from 
spherical trigonometry by writing ca, (b, 16, for the ares of 
a spherical triangle. 
$ 56. Reference to asymptotic lines. We have now con- 
sidered the surface when referred to lines of curvature as 
parametric coordinates, and the equations resulting, 
2g, RA, 2,= RA, 
where R’ and R” are the principal rajlii of curvature and A 
is the unit vector parallei to the normal at the extremity of z. 
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We now proceed to consider another special system ot 
coordinates. 
‘The ‘elements dz and &z on the surface which are drawn 
through the extremity of the vector z are perpendicular if 
dz dz = 0; 
that is, if 
cide, ba, + 2,2, (dv, dx, +de, ôx) +e? dx, dx, = 0, 
or «3, dac 2, + Uy (Ux, ba, + Ux, ÂL) + dy da, 6x, = 0. 
(56.1) 
The elements dz and ôz at the extremity of z are said to be 
conjugate, if the tangent planes at the extremity of z and at 
the extremity of ¢+dz both contain the clement $2; that 
is, if dz is perpendicular to the normals at the extremities of 
z and of z - dz. We therefore have for conjugate elements 


ózdA = 0, 
that is, 
«ax dg, da, + 2 Az (dr, dx, + dn, ðr) + T Agde iT, = 0, 
or Nadriet Q,, (dr, bu, M dz, ðe) + Dy, dc da, = 0 


(56.2) 
Thus we see that the lines of curvature at any point of 
a surface are both orthogonal and conjugate, and conversely 
we see that lines which at any point are both orthogonal and 
conjugate are lines of curvature. 
An clement which is conjugate to itself satisfies the equation 


2, da? +27, dx, da, t £2, daz = 0. 
The self-conjugate elements at a point form the asymptotic 
lines uidet +2 Node dr, 4 Rodez = 0; (56 . 3) 


and we see that the radius of curvature of a normal section 
in the direction of an asymptotie lino is infinite. 

We call da, and (s 

d8 ca 

on the surface. "They tell us the direction but they are not 

the cosines of the angles the element makes with the para- 

metric lines. We often write them in the tensor notatipn 


£', £2; but we must remember £* is not the square of £, nor 


the ‘direction cosines’ of an clement 
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is (£')* a tensor component £' but the square of £!. We 
have identically ts EE = 1; . 
and, if # is the radius of curvature of any normal section of 
the surface, R4, £i£h = 1. (56. 4) 

Take now the asymptotic lines as parametric lines. We have 
(2,, = 0, 2,, = 0, 
and therefore by Codazzi's equations 
Nis = Dory, (ui, = ss, 
40, — 0, 0,, — Ka = 0 


ò 
we have 57, log Bie = {111} — {212}, 


ð 
39 log R, = {222} — 1121]. 


Now we saw ($ 6) that the determinant «a satisfied the 


equations > 


— al = a? ({111} + 1212]), 


dW 
è ab = ud (1121) + £2223) 
àv t J i ) 7? 
and therefore „(log K 4) 42 {212} = 0, 
ò € l 5 
a, log R3) +2 (121j = 0. (56.5) 


These are the equations which tho coefficients aj, must 
satisfy if the parametric lines are to be asymptotic. 

If we are given any ground form, and if we could transform 
it so that the new coefficients would satisfy the above equations, 
then we could, since in this case we would know the functions 
Niis 2,,, 2,. and the ground form, find the surfaces to which 
the form would be applicable. But the transformation would 
itself involve the solution of differential equations of as 
creat difficulty as Codazzi’s equations. 

Taking the asymptotic lines as coordinate axes we have 


ZA = 0, Zà = 0, 
Ner — 
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and therefore 2z = pA, (56 . 6) 
where p is some scalar. 
Similarly we have 2, = qÀÀ,, (56.7) 
where q is a scalar. 
As Zi Ay = SA, 
we have PENA Ay = GSAA,A, = —q5AX,, 
and therefore pz-q. (56.8) 
Since XVm Kao, 
we have — Ky? Via, AA, = Ny dos 
that is, — Kp? (A SAN A — ASANA) = Ay Ags 
or KASA =A, (56.9) 
since Ay A, is parallel to À. 
We thercforo have p = (— K)*1, (56.10) 
and a= (—K)-4AX,, g,——(—K)1 AM. (56.11) 


These are the execedingly important equations which we 
have when we choose the asymptotic lines to be tho para- 
metric lines. 


$ 57. Equations determining a surface. If we now take 
Zz(—Ky, (57.1) 
so that Z is a vector, parallel to the normal at the extremity 
of z, and of length (— K)^2, we can write the equations which 
determine the surface in the simple form 
a= ZL, Z, = —ZZ,. 
From these equations we have 
ZA, = 0, 

and therefore Zo = pay (57 . 2) 


where p is some scalar [not the p of (56. 10)]. 
In order to find the asymptotic lines of a given surface we 
have to solve the ordigary differential equation 


N du? 4 2, dudo + £2, dv? = 0, 
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and when we have done this we can bring the equation of 
the surface to the form stated. 
We have Z=cr, (57 .1)' 


and we notice that c is an absolute invariant. 
Differentiating we see that 


CA, C4ÀS FCA HCA = per, 
and therefore — cÀ À = 0,— pe, 
that is, CQ ,, = Cig — pe. (57.3) 


From the formulae 
wk De. — R' +R”, 


Py 0, (NR) = a' K, 


1 1 
we see that quy = D. ( 4 gp) 
. = 2 lo, ly. 

und therefore r=- Nal f + gn) (57.4) 

The equation of the surface referred to the asymptotic lines 
1s therefore z = ZZ, Z, = — ZZ, (57.5) 

as f Cio 1 1 - 

where Zi = (= -Ralp + g)) Z. (57. 6) 


$ 58. The equation for the normal vector in tensor form. 
We can express the equation whieh the vector Z must satisfy 
in tensor form so as to be independent of any particular 
coordinate system. 

The null lines on the surface applicable on the ground form 

aip dedeg 
are the lines which satisfy the equation 
(Gu dx, dy, = 0. 

On a real surface they are of course imaginary and are 
characterized by the property that the distance, measured 
along the curve, between any two points on a null curve 
18 zero. 

Let us now consider the ground form 

2d da, (58 e 1) 
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remembering that any quadratic differential expression is the 
ground form of some set of surfaces, The surface, to which 
this form applies, will have as its null lines the correspondents 
of the asymptotic lines on the surface we are considering. 

Let Beltrami’s differential operator with reference to the 
ground form Nyda, day, 


be denoted by wy. (58. 2) 


Now we saw (43, 24) that, with reference to the null lines 
as parametric lines, that is with reference to the asymptotic 
lines on the surface we are considering, 


2 dÐ 
£2,,9w 0v. 


The equation Z = (2 -Na ( Gp + y) 4 


may be written 


wh, = 





2 1 clos, 
2, wd s = (nz 552 Se -2 (ju + qr )) Z 
that is, wh, Z = (= d -2 (p + 3): (58.3) 


and this is a tensor equation independent of any coordinate 
system. 


$ 59. Introduction of a new vector (. We may write 
this tensor equation briefly in the form 


A,Z= pZ. (59.1) 
Let 0 be any scalar quantity which satisfies the equation 
A,0 = pô. 
We then have 6A,4=Z4,6. 


Now we saw (17. 4) in the chapter on tensors that 
ò t 
A u za o--alw, 
Ou, 
where E = a Wes 


and therefore uv = vut. 
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We may then write the equation 
0A,Z—Z4A,0-0 


ð — . 
in the form 0. -VNZ=Z 2 V (2 0!, 
ou, Ou, 
d a 
or sy V41(0Z! — 40!) = 0 (59. 2) 
o4 


[where £2 denotes RaRo — 22 ,,]. 
If the asymptotic lines are real 2 will be negative: we 
therefore write this equation 
» V — (021! —Z01) + " V —£2(02:—20*?) = 0. (59.3) 
We ean then by quadrature find a vector ¢ such that 
(= vV—£2(02:—Z023, —¢ = V —0Q(02 — Z0, 
that is, 
(V¥-2=Z(N,,0,-2,,0,)—-0(0,,47,—-2,,2), 
e V = Z (£2,,0,— (2,,0,) —6 (2,,4,—2,,2,). (59 . 4) 
It should bo noticed that to find ¢ required a solution of 
the equation A,0 = pô. (59.5) 
$ 60. Orthogonally corresponding surfaces. We have 
V (A,4) Z = 0, 


and therefore 








yo d l 
VZ. (y 02) VA ( V — 2027) = 0, 
ou CW, 
or, since V4,4' = 0, 
d —— d —— 
ir VV — 042 + s -Vv-—fZZ2*—0. . (60.1) 
wy Wo 


We can therefore by quadrature find a vector z such that 


z= V-B, —2,= / ZA, 


that is, £M =N = V7(N,,4,—2,,4,), 
2,7 =N = VZ (2,7, — o, Z,). (60.2) 


If the parametric linos are asymptotic these are just the 
equations we began with. 
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We see at once that 
210 = 0, 76st 20) = 0, «1t = 0, 
and therefore corresponding elements of the surfaces traced 
out by z and by ¢ are connected by the equation 
dzd( = 0, (60. 3) 
that is, corresponding elements are perpendicular to one 
another. The surfaces arc then said to correspond orthogonally 
to one another. 


§ 61. Recapitulation. We may now restate the results we 
have arrived at. 

Consider the ground form 

2.x, day, 
and let A, have reference to this forin. Let Z be a vector 
which satisfies the equation 
VZ (A,Z) = 0. 

Then e = V-Z, a =-vV RAZ, 
define a surface traced out by a vector z. 

On this surfaco the unit vector parallel to the normal at 
the extremity of z is given by 


Z = Ci, 
where c = (—K)4, 
and K is the measure of curvature of the surface z. 
We have A, Z = pl, 
A,c 1 1 
where r=- -2 ( p + gn) 


The asymptotic lines on z are 
Ns, dada, = 0. 
The surfaces given by 
(= V-—402(02:.—Z20), (t-—-—0(02-—Z0), 
where @ is any scalar satisfying the equation 
Q 4,0 — p6, 
correspond orthogonally to the surface z. 
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$ 62. Relationship of surfaces z and (. When the para- 
metric lines are asymptotic on z, that is, when 
2, = 0, MM» 0, 
à =0,2—02,, é = 04,—6,2, 


and therefore (2 = f Vi ê, Ĉi (62.1) 


The parametric lines on ¢ are now conjugate lines : for if 
we have an equation of the form 
212 = P% t922, 
where p and q are any scalars, 


A29 = 0. 


If P2= % 
the conjugate lines have equal invariants in Laplacc’s sense. 
The parametric lines on ¢ are therefore said to be conjugate 
lines with equal invariants. To the asymptotic lines on z 
there correspond therefore conjugate lines with equal in- 
variants on ¢. 

If on any surface ( we aro given the conjugate lines with 
equal invariants, we can find by mere quadrature a surface 
whieh will correspond orthogonally to ¢ For if 


0 0 
Ca = A Chus 9 $v 


Pi, 19 
then +i + E*6 —0, 
er dp e p à 
where 05 — 1; 
ò ò 
and therefore sul? ( + 37 (d? (4) = 0, (62.2) 


where ¢? means the square of $ and is not a tensor notation. 
We can therefore find by quadrature a vector Z such that 


—$'¢, = ($Z, PÉ = ($2; 
that is, ĉ& = 06,7—02, (42 047,— 0,7. 


The surface given by 
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will correspond orthogonally to ¢ and will have the asymptotic 
lines as parametric lines, 

We have now seen the relationship to one another of the 
surfaces z and ¢, and the method by which, given either, we 
are to obtain the other. 


$ 63. Association of two other surfaces with a c-surface. 
Let a vector m be defined by the equation 
(— mð. 
We have, taking as parametrie lines tho conjugate lines 
with equal invariants on ¢, 
012 —0Z, = m0, +m 0, 02,—0,Z = m0, -- m, 0, 
and therefore 
0,(Z—m) = 0(Z,--m4), 0,(Z -m) = 0(Z,—m,). 
(63.1) 
From these equations we sce that 
Gt = 0, T = 0, ` 
and, as 
V(Z—m)(Z,+m,) = 0, V(4Z4+m)(Z,—m.,) = 0, 


Pp ~~ Pm Jy 
Z4 — Wn t Zn, 4 Z my = 0, 


I; M mW wy 
Zl — mm, — Zn, — Zin = 0. (63 . 2) 
We can take = Zo £,——445, 
j,- mmu, Yy = = MM, 
ð = 
and we have y,—2, == 4m, 
OW 
aon 
44,— 2, = x Gil, 
Ya 2 dY 


It follows that y only differs by a constant vector from 
z+ In. 
We have thus obtained the surface y, where 
Y mea Lm, (63.3) 


directly from z and (, und the asymptotic lines on this surface 
correspond to the asymptotic lines on c. 
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§ 64. We obtain yet another surface directly from the 


definition n = 440, (64.1) 
where 005 = 1; 


and we see that 
n = 4644, = $* (4,0—-240,) = — $? (m0, +m, 6), 


so that n = mp — me. (64.2) 
Similarly we sce that 
N, = Mp =M Pa. (64.3) 


The surface y will therefore correspond orthogonally to the 
surface y; and to the asymptotic lines on y will correspond 
on 7 conjugate lines with equal invariants. 

We have thus four mutually related surfaces, 


OG Y n, 
which are intimately connected with two probloms in the 
Theory of Surfaces, viz. the theory of the deformation of a 
surface, and a particular class of congruences of straight lines. 
The relations between the four surfaces will be more com- 
pletely stated when cight other surfaces are introduced, as 
they will be when we consider the Deformation Theory. 


CHAPTER V 


DEFORMATION OF A SURFACE, AND 
CONGRUENCES 


§ 65. Continuous deformation of a surface. We have seen 
that the problem of determining the surfaces in Euclidean 
space, to which a given ground form 

ayp dv, du, 
appertains, depends on the solution of the equations 
£4 = Qe, Qo = Dogs 
2 2, — 2? = Ka, 
and we have pointed out the difficulty of solving these 
differential equations. 

There is a related problem the solution of which is simpler. 
This problem is the determination of a surface differing 
infinitesimally from a given surface and applicable upon the 
given surface. Let z be the vector of the given surface, and 
z+t¢ the vector which describes the neighbouring surface 
which we are seeking, t being a small constant. 

We may regard ¢ as a small interval of time and ( as 
a linear velocity vector, descriptive of the rate of increase 
of z, as we pass to the neighbouring surface which is applicable 
upon the given surface; or as the growth of the vector z 
under the condition of preserving unaltered the element of 
length. 

If we can obtain ( we have the vector which defines the 
continuous deformation of a surface. 

We have at once 


«6-90; 2 fot 220, = 0; Zos = 0, (65.1) 
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that is, the vector ¢ describes a surface corresponding ortho- 
gonally with the given surface described by z. 

An interesting and immediately verifiable theorem on 
surfaces which correspond orthogonally is the following : 

‘If 2 and ¢ correspond orthogonally, then the surfaces traced 
out by z+¢ and z—¢ are applicable on one another; and 
conversely, if z and ( are the vectors of two surfaces applicable 
on one another, 2+¢ and z—¢ will be the vectors of two 
surfaces which correspond orthogonally.’ 


$ 66. A vector of rotation. From the kinematical relation 
of the vectors z and ¢, we see that d¢ is the relative velocity 
of the extremities of dz in the deformation of the surface z. 

In the deformed surface the element which corresponds to 
dz wil have the saine length but will have turned through 
an angle. Let the rotation necessary to produce this be 
represented by the vector £r. 

Now if a vector o, drawn from a point, is made to rotate 
with an angular velocity whose magnitude and direction is 
represented by a vector r, drawn through the same point, the 


linear velocity of tho extremity of « will be given by rà. 
It therofore follows that g (= rdz, 


— 


or (= 72,3 by = 72, (66.1) 


The vector r is parallel to the normal to the surface ¢, at 
the extremity of the vector ¢ We therefore have 


— 
T — CÓ 


where w is some scalur; and therefore 


4 = LARS = 462 (2; 


since $0; gi tue 0; 26-0 
so that r= Oo, (66. 2) 
2102 


and thus r is uniquely obtained, when z and ¢ are known. 
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$ 67. Geometrical relationship of surfaces traced out by 
certain vectors. In exactly the same way we see that 


“= p 7.7 P6» (07 . 1) 
where p= LL. (67.2) 
à "9 ' 


we see that TZ = 1,241 (07 .3) 


and therefore the vectors 7,, 7,, 2,, 2, are all parallel to the 
same plane. It follows that the normals to the surfaces 
traced out by z and r are parallel at corresponding points. 

Similarly we see that the normals to the surfaces traced 
out by the vectors p and ¢are parallel at corresponding points. 

But the vector 7 is parallel to the normal at the correspond- 
ing point of (: it is therefore parallel to the normal at the 
corresponding point of p. 


r :quations - T 
From the equations sl " = - 
mV — ~ 2 
MIC £172 
we see that Tp — 1. (67 .4) 


S 


It follows that the » and p surfaces are polar reciprocals 
with respect to a sphere whose centre 1s at the origin and 
radius the square root of minus unity. 


$ 68. The angular velocity r is applied at the extremity of 
the vector z. Now an angular velocity 7, at the extremity 
of the vector z, and an angular velocity —7 at the origin, are 


equivalent to a linear velocity er. 
It follows that a linear velocity ¢ and an angular velocity v, 
at the extremity of z, are equivalent in effect to a linear 


— 
velocity ¢+27, and an angular velocity r at the origin. We 
are thus led to consider two other vectors, 


(zT and z+ (p. 
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$68. A group of operators, and a system of twelve 
associated surfaces traced out by vectors. The fundamental 
relations between the vectors z, ¢ r, p, are expressed by the 
equations df= rdz; dz = pt. (69 . 1) 

These relations are unaltered by the transformation scheme 
in 2, ¢, 7, p, 


z’ = (+r; (=r; r= P. p = z, (69.2) 


which we shall denote by the operator A. 
They are also unaltered by the transformation scheme 
V =¢ġ; =z; =p; p'=7, (69.3) 
which we shall denote by the operator B. 
We see that the operators A?, A?, A*, A’ are respectively 
the transformation schemes 








/ a+ (p , p / 7 , 
dg omo 73 = >- } rT = —; p—&gtzr; 
ap $ $ s 4s ' 
TENA , 2 , (cr , (p 
2 maj => 343 T? = > p= — 3 
ae / (ter. ^ 4 > / Ef. 
nd Tyr , ¢ — r¢ , — oc p» p EETA 
tp: tzr hoe =ê. ^U. 
e = p; C=2+¢p; t =ğ; p= x 
We sce that A&=1; B?-1, (69.4) 
and AB = DA; AtB = DA? ; AB= BA; A? D = BA; 
AB = BA’, 


and so the operators A and B form a group of order twelve. 
The operators A form a sub-group of order six ; the opera- 
tors B form a sub-group of order two. 
If we tako — pzcA45;, Qz BA; RÉA? 
we have P?—1;Q?—1; R5-—1, (69 . 5) 
PQ=O0P; PR = RP; QR = RR; QR = RQ, 
and the operators P, Q, R will generate the same group. Of 


this group the operators P form one sub-group, the operators 
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Q another sub-group, and the operators P and Q together 
a sub-group of order four. The operators R form a sub-group 
of order three. 

We thus obtain directly from the four vectors z, (, v, p 
a system of twelve vectors which traco out twelve surfaces 
connected in various ways at corresponding points. 


$ 70. We may arrange the twelve surfaces in tabular 
form thus 


Ts € T, P» 
zt (p P T (or 


— q* 
P» ~ + (p, Č, r¢ ) 
-. p 
Csr, T, t. 2. 
“P 


The first column will denote a vector of a surface; the 
second the vector of the surface whieh corresponds ortho- 
gonally to the surface in the first column and in the same 
row; tho third column will denote the vector which gives 
the angular velocity corresponding to the surface in the same 
row but in the first column; the fourth will denoto the 
angular velocity which corresponds to the surface in tho same 
row but in the second column. 

The veetors in the third column are parallel to the normals 
to the surfaces in the second column and in the same row; 
the vectors in the fourth column are parallel to the normals 
to the surfaces in the first column and in the same row. 
Finally the surfaces in the same rows and in the third and 
fourth columns respectively are reciprocal to one another. 
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$ 71. The twelve surfaces form three classes of four. Let 
us now recall what we proved about the four surfaces which 
we denoted in $$ 62-4 by z, ( y, 7, and the equations of con- 
nexion when z is referred to its asymptotic lines. 


We had 
e] — ZL, 4. A Lo à — 012—02,, (o = 0Z,— 0,2, 
( — m0, Z — 78, 4 — 4 Zm. 


We see that Z is parallel to the normal at the extremity of 
z, and p is parallel to the same normal. Therefore 


Z = pp, (71.1) 
where p is some scalar. 
Now 2, = pġ = 0 pZ—OpZ, = —0pZ,, 
but a= ZZ, 
and therefore Z — — 0p, 
that is, n = — p. (71.2) 
Now y=stim — 24 3, 
and therefore Yn + Cp. (71.3) 


The four surfaces are therefore in the present notation 
(merely changing the sign of the vector 7) 


2, Óó ctp p 
that 1s, e, Bz, BAzs, Az, 
or c, PQli, Qz, Pl. 


Now the asyinptotie lines correspond on two surfaces which 
are polar reciprocal to one another, since conjugate lincs 
reciprocate into conjugate lines; and we know that the 
asymptotic lines eorrespond on . 


z and 2+ (p. 
The asymptotic lines therefore correspond on 


T" p 
, , zc 3 7.79 
ee OTP op 


that is, on c, Ps, Qz, PQ-. 
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The surfaces which correspond to these orthogonally are 


tivel T 
respectively ; 2 24 (p | 
that 1s, PQRz, QRHe, PHz, Rz. 


On these surfaces there correspond to the asymptotie lines 
conjugate lines with equal invariants. We will say con- 
jugate lines with equal point invariants. 

The surfaces which are respectively | reciprocal to these 
four are 


T - (t TZ 
ré’ (T Lr ’ cre , 
that is, Re, PR?z, Qz, PQRB?z. 


We say that on these surfaces there correspond, to the 
conjugate lines with equal invariants on their reciprocals, 
conjugate lines with equal tangential invariants. 

The twelve surfaces thus fall into three classes: viz. those 
on which the asymptotic lines correspond; those on which 
conjugate lines with equal invariants correspond; those on 
which conjugate lines with equal tangential invariants corre- 
spond. The surfaces of any class are permuted amongst 
themselves by the operations of the sub-group 


1; P; Q; PQR. 


$ 72. A case in which one surface is minimal. If the 
vector z is of constant length we can prove that the surface 


(er (72.1) 
is a minimal surface. 

We saw that the normals at corresponding points of z and 
of r were parallel. If then z is of constant length, the vector 
zZ 18 parallel to its own normal and therefore equal to kA, 
where k is a constant, and A is the unit vector parallel to 
the normal at the extremity of r. But 

AP, = AST, 


Ne” N 


and therefore 


AN 


T, = EST. 


a 


( 
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We saw (52.8) that the condition that 2 might be a 
minimal surface was Sz, AA, = S2,ÀN, 
and clearly this condition will remain the same if we replace 
A by any vector parallel to it. 

Let y=¢ tz. 
We sce by tho table that z is parallel to the normal at the 
extremity of y. The condition that y may be a minimal 
surface is then Sy, 22, = SY,2%. (72, 2) 
But by the fundamental formula of connexion and by the 


table we see that ~ ~ 
Yy = eT, Yo = eT, e 


tz 


The surface y will therefore be a minimal surface if 


ig 1 fm m 9 ^ — ^ acy 
that is, if 52,07, — t T = £9.20 
“er — Ne 


Now z being of constant length this condition becomes 


sad — , 7 . 
T179 — Pow)? 


— ——á 


and this we have seen is true. 

This theorem will be used in proving an interesting theorem 
of Ribaucours in connexion with a particular class of con- 
gruences. 

We now proceed to consider the theory of congruences of 
straight lines in connexion with which the twelve surfaces 
will be of interest. 


$ 73. Congruences of straight lines. If we wish to con- 
sider not merely the geometry on one particular surface but 
the relation of points on that suriace to corresponding points 
on another surface, we are led naturally to consider the 
congruence of straight lines which join the corresponding 
points. 

Let 2 be a vector depending on two parameters u and v, and 
pa unit vector depending on the same two parameters, and 
drawn through the extremity of z. Let w be a length taken 
along the vector u; the congruence will,then be defined by 


z = +wp. (73.1) 
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We regard z and p as functions of the parameters w and v, 
and therefore the current vector 2’ will bo a function of the 
three parameters u, v, and w. 

The unit vector p will trace out a sphere which we call 
the spherical image of the congruence. 


Let Fikk = — ik 
so that da? = a du? + 20,, dwudv t ao dt’ (73.2) 


is the ground forin of the spherical image. 
Let Kik Z ik» 
ht = daag — diz; 
and notice that in gencral 
Oir F Ohi 
If we take two neighbouring rays of the congruence we have 
dz' = dz+wd p + pdw, 
If A is a unit vector perpendicular to u and dp, 
doi = udu, My fy = yu; 
and therefore 
hdo = Vy, ud p 
= un nd p pan lp 
= py (,,du+a,,dv) — p, (ddu + apdo). 
It follows that 
hdoXdz = (w dw + e,,dv) (a dw + a, dv) 
—(w,, d+ wodt) (ddu + a. dv). 
But, if 6 is the shortest distance between the two neighbour- 
ing lines, 8 = —Ads, 
and therefore 


hd oó = 


c, CU t 0,,dv, @, dU d oss dv (73.3) 
(,,dU4+ 0,4 dv,  a5dw t adv 


§ 74. Focal planes:and focal points of a ray. The value 
of w which corresponds to the shortest distance between two 
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neighbouring rays is given by the fact that dz’ is perpendicular 
to pand p - dp ; and therefore 


dz' dp = 0. 
We thus have dz d gi 4- wd u? = 0, 


1 0,0? + (04, + 0,4) dudu + e, dv? 


so that w 
a du? + 2a dudt + ts dv? 


(74.1) 


The critical values of w, say w’ and w”, as we vary tho 
ratio dw: dv, are therefore given by 


7 1 





= 0, (74.2 
4 (Oj 0,,) Wy, 0, — M, | 


and the corresponding values of the ratio dw: du are given hy 


w du t4 (wp to) dr, 3 (o, +0,,) d ouo 


quí QU Hdt, a,dut+a,,dv 








(74.3) 
There are, by (73.3), two values of the ratio dw:dv which 
make ô = 0. Through each ray of the congruence there thus 
pass two developable surfaces defined by 


c, Cu eo, du, o du 4 odo 
à i ut | 9, (74 .4) 








a, dutta de, a,,duta,,du 


The planes which pass through this ray and touch the 
developables are called the focal planes of the ray. The 
points where the ray is intersected by these neighbouring 
rays are called the focal points of the ray. 

The developables are defined by 


c, ,du+o,,dv = pa, dut ud), 
w, CU +o,,dv = P (Aia dl + uud), 
where p is some multiplier; and we see that this multiplier 


is w. The focal distances, f’ and f”, are therefore the values 
of w which satisfy the equation 


(4, — WU Q,, — UO, 
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§ 75. Limiting points. The Hamiltonian equation. Prin- 
cipal planes. If we have any two real quadratic forms 
a4, du? + 2a,,dudv t a, dv’, 
b, du? + 2b,,dudv +b dv, 
we can, by a real transformation, bring thom to such a form 
that in the new variables 
0.4 = Dis = 0. 
It is therefore possible by a real transformation to make 
Mo O = 0, (ly, = 0. (75.1) 


The points on the ray given by w’, w” aro called the 


limiting points of the ray. These points aro therefore real, 
If we suppose the transformation applied which makes 

9,5 tO, = 9, ig = 9, 
we have Qj, — Wy O = 00" 05, ; 
and the value of w which corresponds to the shortest distance 
between two neighbouring rays is given by 

^ d, du? + w” addu? 
~ adu? 4 aud 


We may take 





t du? a a, dv? 
cos? 9 = ———3— —— —;, sin? 6 = DA E 
Aya CU? + cud t CU? + yg du 
and we have the Hamiltonian equation 
w = w cos? 64+ w'' sin? 6, (75.2) 


showing that the shortest distance between any two neivh- 
bouring rays lies between the two limiting points. 

The values of the ratio d4:dv which correspond to the 
limiting points are given by 

(w' — w”) dudv = 0. 

Leaving aside tho special congruence when the limiting 
points may coincide, we see that corresponding to the limiting 
point w’, du is zero, and the shortest distance is parallel to 


pp. Similarly the shortest distance corresponding to w” is 
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parallel to uj; and these shortest distances are perpendicular 
to one another since 


Spp pps = ppappa — p^ pui pa = 0. (75.3) 
The planes through the ray u which are perpendicular to 


these shortest distances are called the principal planes of the 
ray: and they are perpendicular to one another. 


Š 76. Principal surfaces, and the central surface. Return- 
ing now to general coordinates we see that 


f tf" — b! +a,” 
413 (f f'—w'w") = (we, wn), 


and therefore, in the important class of congruences for which 
@1, = œ, the limiting points and the focal points coincide. 
We sco also that the focal planes will then coincide with the 
prineipal planes. 

When we take any equation connecting the parameters u 
and v of the congruence we obtain a ruled surface of the 
congruence. The directrices of the ruled surface will be 
curves lying on the surface z. If u and v are functions of 
& variable p, then p and w will bo the coordinates of the 
ruled surface. The lines of striction on the ruled surface 
will be given by 

wy a Ol du? + (0,5 + @,,) dudu + odu? 


76.1 
aq du? + 2u,,dudu+u,,dv — ' ( ) 





where w and v are connected by the equation whieh defines 
the ruled surface. 
The ruled surfaces given by 
cy lu t$ (@ o.) du, X (e, +w) duto,.dv 
AdU +d,  a,,dw+uU,,dv i 
(76.2) 


are called the principal surfaces of the congruence. 

The locus of the points on rays midway between the foci, 
and therefore midway between the limiting points, is called 
the central surface of the congruence. 
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. §77. The focal surface. Any ray of the congruence will 
be intersected by a neighbouring ray if 

dz+udp+ pdw = 0. 

The developables which pass through tho ray are therefore 
given by Sdzdup = 0; 
that is, by | S(c du +z,dv) (uu dwt pid) p = 0. 

The focal points are given by 

(2, +wp) dwt (2, +wp) dv+ pdw = 0; 

that is, by S (2, +wp) (2, - Wp) w= 0. 

The focal surface of the congruence is defined as the locus 


of the focal points on the rays of the congruence. If we so 
choose the parameters that the equation defining the develop- 


ables 1s dudv = 0, 
then Sopp =O, Sepp = 0; 
so that 2 = adp tby, Z, = Cp, +p, 


where «, b, c, d are scalars. 
Substituting in the equation 


S (2, wp) (7, + wp) p = 0, 


whieh defines the focal points, we see that the focal surface 
has two sheets given by 


oem, Z -—2-—Cp. 


§ 78. Rays touch both sheets of the focal surface. The 
congruence of rays of light. For the first sheet 
zi = (b=) u, 22 = (0—4) p+ (d—4,) p, 


, 


2; = (b—) py + (bz — Ga) p, 

so that the normal to the first sheet is parallel to ug, ; and 
the ray touches the first sheet along the w curve on it—that 
is, the curve along which only w varies; and the v curve is 
conjugate to the w curve. 

Similarly we see that the ray touches the second sheet 
along the v curve on it, and the w curve on it is conjugate 
to this. 

Thus any ray of the congruence touches both sheets of the 
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focal surface; and the tangent planes to the focal surface at 
the two points of contact are tho tangent planes to the 
developables through the ray. 
The edges of regression of the developables are the u curves 
on the first sheet, and the v curves on the second sheet. 
If the congruence is formed by rays of light, the focal 
points on the ray are the foci as defined in the theory of thin 





pencils. F, and F, are the foci on what is called the principal 
ray of the thin pencil. The tangent plane at F, to the 
second sheet, which is the tangent plane at F, to the develop- 
able, is called the first focal plane: so the tangent plano at F; 
to the first sheet, which is the tangent plane at F, to the 
other developable, is called the second focal plane. , 

The developables through any ray are somewhat like the 
above figure. ° 

The focal lines as defined in some text-books on Geometrical 
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Optics have no meaning at all; but it has been pointed out 
that the lines conjugate to the principal ray on each sheet 
have a physical meaning which might entitle them to the 
name of focal lines.* 


$ 79. Refraction of a congruence. Malus’s theorem. 
A congruence is given in terms of the coefficients c; of its 
spherical image and of the coefficients 


W113 Divs O1, Myo. 


We can sce how the congruence, when we regard it as 
formed by rays of light, is altered by re- 
fraction at any surface z, whose normal is 
parallel to the unit vector A. 

Let u’ be the unit vector into which yg is 
refracted : that is, let p’ trace out the new 
spherical image. 

À u " We have p’ =aptbrA, where a and b 
are scalars. In the ordinary notation of 
optics, if $ is the angle of incidence, ¢’ 
the angle of refraction, and & the index of 
refraction, 

k sin $' = sin 9. 

Now Ap! = OX uu = VE 

and therofore 

asin $ = sing’, Using = sin (d—¢’). (79.1) 

We thus see that « is a constant independent of the angle 9, 

but b depends on $. We have 
a? 4b*—20brp =], 


Ap +cosd = 0. 
Since Ki = (tp; + b Ai + b;A, 
we have Quy = (0044 T 0, 


where f; refers with its usual meaning to the surface of 
refraetion. 


e 
* [Probably the allusion is to a note *On focal lines of congruences of 
rays': Elliott, Messenger of Mathemalics, xxxix, p. 1.] 
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` 


We see that cos $' = a cos $ 4 b, 
and therefore if we multiply 


Ki = pi PA bà 


by p’, that is, by tu 5A, 
and take the scalar product, we get, since p’ p'; is zero, 
ab (Ap; + jp) = nicos o’. u (79.2) 
We notice that if 0,, = Q4 
then 0, — QA. 
We shall see (83.2) that the condition 
0,, = Q4 (79.3) 


means that the rays of the congruence arc normal to a system 
of surfaces and we now sec that this property is unaltered by 
refraction. This is Malus's theorem. 

We have now given the equations which would determine 
any refracted congruence, when we are given the refracting 
surface. Unfortunately the equations are complicated. 


$ 80. The Ribaucourian congruence. We shall now con- 
sider some special classes of congruences, 

Consider the congruence formed by rays drawn from every 
point of a surface, parallel to the normal at the corresponding 
point of a surface which corresponds orthogonally to the 
given surface. This is the Ribaucourian congruence, so called 
as Ribaucour was the first to consider it. 

We take ¢ to be the surface from which the rays are drawn 
parallel to the normals to the surface z. 

Taking the asymptotic lines on z as tho, parametric lines 


we had (= 6,4-04,, ¢ = 04,—0,Z, 
and Z = CÀ, 
where C= (—K)-4, 


K being the measure of curvature on z. 
To bring this into accordance with our notation for con- 
gruences we write p for A, and we have 


à = (0 e — 0c,) p— 0c p, é, = (0c, — 9,0) w+ Qc py. 
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Since Sé pu p = 0 and Sé upu = 0, 
the equation which defines the developables is 
dudv = 0; 


and the focal points are given by 
w — c0, w=—c, 

The surface ¢ is then the central surface of the congruence, 
and the developables intersect it in conjugate lines with 
equal invariants. These lines correspond to the asymptotic 
lines on z, the surface which corresponds orthogonally to the 
central surface. 


$81. The Isotropic congruence. Ribaucour’s theorem. 
We have a particular, and most interesting, case of this con- 
gruenco, when the surface which corresponds orthogonally 
with ¢ is a sphere with the origin as centre. 

In this case c is a constant and ¢ corresponds orthogonally 
with p itself. . 

The congruence is o = C+ wp 
and is called the isotropic congruence. 

For the isotropic congruence, 

w = 0, waton = 0, wp = 9, (81.1) 


and therefore the limiting points of any ray coincide and are 
on the central sürfaee. Any plane through a ray is a prin- 
cipal plane and any surface may be regarded as a principal 
surface. The lines of striction of all the ruled surfaces of the 
congruence lie on the central surface. 

In the chapter on the ruled surface [see § 108] we prove 
that any two ruled surfaces of the congruence intersect at 
the same angle all along their common generator. 

The developables and the focal points we sec are imaginary. 

We have proved that yz EHT 


is a minimal surface and that p is the unit vector parallel to 
the normal at the extremity of y. The perpendicular p 
on the tangent plane to this surface is given by 


P+Yp = 0, 
that is, by pp - 0. 
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The tangent plane is therefore the plane drawn through the 
extremity of ¢ perpendicular to the ray of the congruence. 
We thus have Ribaucour's theorem that ‘The envelope of the 
plane, drawn through the extremity of the veetor which 
traces out the central surface, perpendicular to the corre- 
sponding ray of an isotropic congruence, is a minimal surface’. 

The surface corresponding orthogonally to the sphere is 
therefore the pedal of a minimal surface. 

If two surfaces are applieable on one another, and if the 
distance between corresponding points is constant, we seo 
that the line joining these points traces out an isotropic con- 
gruence. For if p is the unit vector parallel to the join of 
the points, and z is the vector to the middle point of the 
join, and 2c is the length of the joininz line, 


2 . 


(2, Rep), = (0n); (Guten) = G,—cpy, 
S (21 + cp) (23 + Epo) = S (21 — e p) (23 — E pg) 


from which equations we at once deduce the result stated. 


§ 82. W congruences. Let us now consider again the two 
surfaces which we denoted by z and z+ £p, and consider the 
congruence formed by the line joining corresponding points 
on these surfaces. Looking at the tabular arrangement of 
the twelve surfaces we see that p is parallel to the normal 
to z at the corresponding point, and that ¢ is parallel to the 
normal to z+ (p at the corresponding point. The line joining 


corresponding points on the two surfaces z and z+ (p; being 
perpendicular to both p and ¢, is perpendicular to the normals 


to z and to 24 Cp, and therefore touches each of these surfaces. 

Now if a ray of a congruence touches a surface, that surface 
must be a focal surface of the congruence. For, taking z to 
be the vector to the surface, and y the unit vector parallel 


to the ray, Suc 2, = 0; 
and therefore, the focal points being given by 
S (2, + W p) (2, + W us) p = 0, 
we see that one of the focal surfaces is given by w = 0. 
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* 


It follows that z and c4 (p are the focal surfaces of the 
congruence we are considering. i 

Now on these surfaces the asymptotic lines correspond. 
Conversely it may be shown, ‘that if the asymptotic lines 
correspond on the two sheets of the focal surface the focal 


surfaces are 2 and z + (p. 
Congruences of this type may be called W congruences. 


$ 83. Congruence of normals to a surface. We now come 
to the case of congruences where the rays are normal to 
a surface. The theory of such congruences is of special 
interest in geometrical optics as well as in geometry. 

Instead of pg we shall write A, where A is the unit vector 
normal to the surface from which the rays emanate. 

We now have 2 Ay = ZÀ (83.1) 


2 
— — 


as a necessary condition that the congruence may be a 
normal one. 
This necessary condition is also sufficient : for if 
hi? = Hath 


n 


à 
then 37) Moe = jy kn 


and we ean therefore determine a function w such that 


Let Z = + wh, 
^l — ~ 2 
then SQL = gua. = O, 
~~ Nae” 
/ 
Vy fh = zp +wp? = 0; 
— Ner 


so that the rays are normal to the surface z 
The normal congruence is therefore defined by 


Oy = Oy, (83.2) 
and the limiting points coincide with the focal points, and 
the focal planes with the principal planes. "The focal planes 


are therefore perpendigular to one another. 
Conversely if the focal planes are perpendieular to one 
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another the congruence is a normal one: for we see that the 
condition that the focal planes may be perpendicular is 


2) 
(9,5 — 95) (5, —415) = 0, 
. * 1 2 1 
und therefore, since «,,4,,—«a24 is not zero, 


015 = 021- 


$ 84. Reference to lines of curvature. We now take the 
parametric lines on the surface z to be the lines of curvature, 
and we have 2=—Rr,, 2 = R"A, 


where Jt’ and I" are the principal radii of curvature. 
We have 

— ’y 2 — — — iy 9 

o, ——RAL o,=o, = 9, o,,——R"Ai, 


21 


22 
that is, œ = leq, wp = l'a, o, =w, = 44, = 0. 
Tho focal points are given by 
fW, fo =k", 
and the two focal surfaces are now given by 
z =at z = oth" d. 
The equation of the developables is 
(I — I") dudv = 0. 
As we need not consider the case where Jt’ = R” any 


further than we have already done we sce that the equations 
of the developables are 


dw=0, dv=0. (84.1) 

For the focal surfaces we have 
do’ = —(R' — R’) du Ad HR. (84.2) 
Calling this the first sheet of the focal surface, its ground 
form is (IU? + RY — IY? a, dv}, (84.3) 


and therefore the w curve is a geodesie on the first sheet. 
Similarly we see that the v curve is a geodesic on the second 
sheet. 


§ 85. Tangents to a system of geodesics. Conversely if 
we take any surface, and draw any singly infinite system 
of geodesics on it, the tangents to these geodesics will gonerate 
a normal congruence. 
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For take a surface with the ground form 
du? + B*dv?, 
and consider the congruence formed by the tangents to the 
curves v = constant, that is, by the tangents to this family 
of geodesics. We have p = 2, and as 


zi =], A = 0, 
we must have Cig = 9, Sagt = O, 
so that 2,0, = 0 
Now Sy fy = 02, = O. 
and epu, = Sy = 0, 
so that Sy My = D. 
5 WU 


and the congruence is a normal one. 


$ 86. Connexion of |V congruences which are normal with 
W surfaces. Now let us consider the asymptotic lines on 
the two sheets of the focal surface. 
The vector to the first shect 1s 
=+; 
and we have 
» Sy = RA aha = R) UA, 
and therefore (R — R”) ^g = R” A — R',A,. 
The equation of the asymptotic lines is 
ddv = 0, 


if V is the unit vector parallel to the normal at the extremity 
of z’. 
Now A, is parallel to V, and therefore the equation of the 
asymptotic lines is dz dA, = 0; 
that is, S (U' — R’) d,dv—AdR’) (A,,du+Aj,dv) = 0. 
We have, since A, A, is zoro, 
Andre = — MÀ = RIA = (R'— R”), 
AAg =—AZ, AA 0, 
Aj = A" Ai (TRE), 
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and therefore the equation of the asymptotic lines on the 
first sheet is A? BR du?—dA2 R” de = 0. (86 . 1). 


Similarly we see that the asymptotic lines on the second 
sheet of the focal surface are given by 


A? RY, du? — A2 R” du? = 0. (86.2) 


The necessary and sufficient condition that the asymptotic 
lines on the two sheets may correspond is therefore that R’ 
and E" may be functionally connected. 

We thus have the theorem that in a W congruence, if it is 
also a normal one, the surfaces which intersect the rays 
orthogonally have their radii of curvature functionally con- 
nected: that is, they are W surfaces. 


§ 87. Surfaces applicable to surfaces of revolution, and W 
normal congruences. We saw (§ 84) that the ground form of 
the first sheet of the focal surface of a normal congruence was 


(aR + (RY — Ra, dv?, (87 .1) 
and similarly we see that the ground form for the second 
sheet is (d. R^)? + (4 — R'£a, du. (87.2) 


If the congruence is also a W congruence we know that 
(I — Ras = (907), 
(I — Ras, = (9 UU); 
the ground forms of the first and second sheet are then 
respectively (R^? + ($ (R'e de, (87.3) 
(LR? + (p (R) du. (87.4) 


The two sheets are therefore applicable on surfaces of 
revolution, the u curves on the first sheet corresponding to 
the meridians, and the v curves on the second sheet. 

Conversely, if we have any surface applicable on a surface 
of revolution, the curves which correspond to the meridians 
will be geodesics, and the tangents to these curves will 
therefore trace out a normal congruence which will be a W 
congruence; and the surfaces which cub the rays orthogonally 
will bo W surfaces. 


108 DEFORMATION OF A SURFACE, AND CONGRUENCES 


If the surface is one of constant curvature we need to solve 
an equation of Riccati’s form to obtain the curves which 
correspond to the meridians, but in other cases’ we can find 
the curves by quadrature. 

An interesting property of any given W surface, which is 
not of constant curvature, is that we can find the lines of 
curvature on it by quadrature. 

For we can find the two sheets of the focal surface, and on 
these sheets we can find by quadrature the curves which 
correspond to the meridians. These curves will have as their 
correspondents on the given W surface the lines of curvature. 
This theorem was discovered by Lie. 


$ 88. Surfaces of constant negative curvature. Returning 
to the ground forms of the two sheets of the focal surface 
(LU? + (9 (10))? dv, 
(AR + (Q (RY) riue, 
we sce by aid of the formula 


D 
K LLERS 9) 
tg = % 


when the ground form is du? + D?«?, that, K denoting the 
measure of curvature on the first sheet, 
9" (It') _ 
p(B’) 
Similarly we find for the measure of curvature K” of the 
second shect K” + p (4t) ! 4 1 [(¢ (4t)? p” (1t’) — 0 (88 . 2) 


K' 4 (88.1) 


: pepe pepe (AV) 
since R= f(h’), R -fR = $0). 
$' uu) 
If the two sheets are applicable on one another at correspond- 
ing points we must have A’ = K” and therefore we must have 


p” (10) $ QU) = + (p (RY). (88.3) 


Taking the upper sign wo sce that 


A' 
e (IU) = be^ s, 


where a and b are constants. 
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We now see that It' — il =a, (88.4) 
from the equations ^—-f(l)- ? P PU 
R” =f (R’). 
The measure of curvature is found to be —«^? from the 
formula p” (t) 
t + ry 6 QU) = 0. (88.5) 


The two sheets have then the same constant negative 
measure of curvature —a7*, and the distance between the 
corresponding points is equal to the constant a. 

We therefore see how, when we are given a surface of 
constant negative curvature, we can construct another surface 
of the same constant curvature. We find a system of geodesics 
onthe given surface—this involves the solution of an equation 
of Riceati’s form—and draw the tangents and take a constant 
distance « along the tangent: the locus of the point so 
obtained will be the surface required. 


CHAPTER VI 


CURVES IN EUCLIDEAN SPACE AND ON 
A SURFACE. MOVING AXES 


$ 89. Serret’s formulae. Rotation functions. Let A, p, v 
be three unit vectors drawn through the origin, respectively 





parallel to-the tangent, principal normal and binormal of 
a curve. We sce from the figure that 

dX = ude, dv =— pudy, 
where de and dy are the angles between neighbouring positions 
of the tangents and osculating planes respectively—in the 
sense of the figure. 


We thus have ur ye u 


a-—— € $ 


o 
where the dot denotes differentiation with respect to the are 
of the curve, and p and o are the radii of curvature and 
torsion respectively. We thus have 


D 


Ki 1 
A=- , W= , 


p ~ c 
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and therefore, since — Ap — 0, w= 0, 
1 


we have iA = Ww = I iu 
BR am Gr hp = 0. 
It follows that 
: u . A v p 
A= $ LT — , = — M 89.1 
p^ # pto V > ( ) 


Theso are the formulae of Serret. 
lf we were to take unit vectors through the origin mutually 
at right angles, the first, A, parallel to the tangent to the 
curve, and the second, u, making an angle $ with the principal 
normal, wo could easily deduce that 
À-—ur—vq, R-—vp—Àr, Ù= Àq- pp, 
where p=Ħ¢ġ+ J q= r= 5P, 
F p p 
More generally, if A, y, v are three unit vectors mutually at 
right angles which are viven angular displacements 
pds, qds, rds, 
we have 
À = ur—vq, fo=vup-—Ar, v=Aq—p?, (89.2) 
as we see from the figure. 
The functions y, q, r may be called rotation functions. 
If cds denotes the angular displacement which the vectors 
regarded as a rigid system receive, where 
o-—pÀ-ctquatvrv, 
we can write our equations in the more elegant form 


À= oi hon, Ò=. (89.3) 


§ 90. Codazzi’s equations, It will be useful to consider 
a more gencral displacement. 
Let the vectors A, u, v regarded as a rigid system receive 
three angular displacements 
edu, œ” dv, œ” dw. 
We then have 


A — ^U 
A, = wÀ, A, "M, A4 "A, 


e 
Paana 


and therefore  ’A,+ ON =o"), Fo ; 


> 
b 


112 CURVES IN EUCLIDEAN SPACE 


or Voo \—Va'o’d = V (o —@’,) A, 
that is, Voo À = V(w",—o’,) ^. (90. 1) 


We have exactly the same equation for u and therefore wo 
have identically oo = e —0’,. 

Similarly we obtain two other vectorial equations, and we 
have 


um — 
/ 
o^, — «o 3 — = oot, W., — @ "1 IL Q^ cf, (€^ — (^, — o w”. 
(90.2) 


Suppose now that the vectors A, p, v instead of being drawn 
through the origin are drawn at the extremity of the vector z, 
which depends on the three parameters u, v, w. If we regard 
the extremity of the vector z as the new origin then we may 
say that the linear displacements of the origin are 


zidu, zdu, z dw. 
Let op — EAR ut (v, 
xy — ÉE A+” u+” y, 
oM = EA +” p+” Yv. 
We therefore have 
£^,À +’ont Cov t (pr —vq’’) +17’ (v p —dr’’) 
+o Ou" up") 
— £^ tn ete te" (ui — vq’) + n” (v p' —A7') 
t ( (Aq —-up), 
SO that u —£', — Eq — QT + n’ at — " "n 
n" 1 — n Q7 a ÈT P7 — gl +EP / Ley", 
"im Ea = n p” qu p +E g -Eq 
Similarly we obtain two other sets ọf equations : 
Ea — = ("q ver =q” + n! r” — nr "n 
UP = £m 11r — Er "Lr TU vt —-("p ^n 
poe 3 = — n p''— n” p” +E ”q L4 —£é"q LÀ . 
é.— "Eu — cq / eq. n'r” — ner, 
n 4— n” f — = or / —ér fel + Cp sti — ("9 I, 
‘a Bn — n” y — n p” + +q ttt =E” q. / 
3 
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If we ignore the parameter w, we have the six equations : 


/ r ve 4 /?, LÀ / 
Jq =] FTP -r p; 


Pampi = TV 5 
r=” = py op T; 
KC Ra n" sg CÓ =n: 
n'an i =E E r E p g =p g; 
Com CS maf m ose" E =g E". (90. 3) 
These are the cquations of Codazzi of which Darboux 
makes so much use in his Theory of Surfaces. 


§ 91. Expressions for curvature and torsion. Returning 
now to the case of a curve, Serret’s equations may be written 


À= oÀ =ou, v=o; 
À , 
where o= p" (91.1) 
c p 


If z is the vector which describes the curve to which we 

arc applying Serret’s equations we may write 
z — 2 cz ilu. 

where 0’, /, 1” are three fixed orthogonal vectors through 
the origin, so that 2’, 2”, z” are the Cartesian coordinates of 
any point on the curve. 

We have 2 =A and therefore 

f= pe, v-—ocp2-ctopz E 


Denoting the components of the vectors A, u,v with respect 
to /,, i”, 47 in the usual way, we know that 
, 1r ott 
A, A, A 
/ 14 tre 
By ks BO |=); 
4 a? tit 
V, vy, v 


and therefore 


ey, 2". Z2 
p?a z. z", z" |= 1, (91 . 2) 
uo uH "n 
, "3 
1 . . / ee Fd 
and = = (L)? + (4) + (zy. (91.3) 


These are the usual formulae in the theory of curves. 
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If we take, as is moro usual, x, y, 2 to be the Cartesian 
coordinates of any point on the curve and regard them as 
functions, not of the arc, but of any variable, we see that 























& YS BL es gos aay | 
l Y A = (bP +9? +27)", (91 . 4) 
wy d, 2| 
d, y, 2 à on zu 
| ote | a y 2/2], A Á (91.5) 
x yj, EQ 0 9^ * 


4 


$ 92. Determination of a curve from Serret’s equations. 
We must now show how the equations 


` =Ë, aa 4”, pa FP 


p p c d 
determine the curve when we are given the natural equations 





of the curve; that is, when we are given p and c in terms of 
the are. 
Any unit vector may be written 
sin 0 cos $ . A -F sin Osingd. py 4 cos Ó . v. 

Exprossing a fixed vector in this way, and noticing that 
there can be no relation between tho vectors A, u, v of the form 
prA+qutry = 0, 
where p, q, r are scalars, we find, by aid of Serret/s equations, 
that gag T 1 cot 6 cos ¢ 

T P c 





(92.1) 
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O 
Let y = cot ae 


then we find that p = (v1 Y. (92.2) 


This is an equation of Riccati's form. When we have 
solved it, we know 6 and $, and thus the position of a fixed 
vector with reference to A, u, v. When we have thus found 
three fixed vectors, with reference to 2, p, v, we know 
A, p, v in terms of the are. 

When we have obtained A in terms of the are we can 
find z by aid of the equation 3 — x, (92.3) 


It must now be shown how, when we are given any curve 
in space, any other curve, with the same natural equations, 
can by à mere movement in space be brought into coincidence 
with the given curve. 

It Ag, Hos v, denote the positions of the vectors A, p, v when 
the are s is equal to s, or, say, to zero, then we see, by 
repeated applications of Serret's equations, that 

À — aA a" gt a" vs, 

pm UNE UU uu DU y, 

y = c +6" p, HE” Vos (92. 4) 
where the coefficients of A,, uj. v, are known series in powers 
of s. | 

By a mere rotation we ean bring Àp, p, v, into coincidence 
with tlie tangent, principal normal, and binormal at the point 
from which we measure the are on the given curve. 

It follows that A, u, v will be unit vectors coinciding with 
the direetions of the tangent, principal normal and binormal 
at the point s on the given curve. 

A mero translation will therefore bring the cnrve into 
coincidence with the given curve when the required rotation 
has been carried out, since we have 


=X, =A, a 
and thus 2 —z4a« 


where « is a fixed vector, that is, a ector not depending 
on the arc. 
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$ 83. Associated Bertrand curves. The right helicoid. 
Let us now consider the curve defined by 
2 =z+kp (93.1) 
where & is some function of the are, and let us find the 
conditions that the two curves defined by z and 2’ may have 
the same principal normal. 


Wohave 2’ = (Atub+h(” - 5) ds 
and therefore A’ = (A ui e E (P -T *) "I 
Since A'u = 0, 


we must have / oqual to zero [i.c. k a constant]. 
Again, differentiating with respect to the are s’, 


l 
F= (5*^( (4 - KES) . 
+ e(t - 3) s. 


and therefore 2 ay + (1— n 0, 


d , ds k d?s 
bt Cs ) - o ds’? 
. . . l 2 > 
Eliminating PN and x we obtain 
o 


BO B 6, 
p-k p c 





P 


e e k k 
and integrating we have p tu 1, (93 . 2) 


where &' is a constant introduced on integration. 

A curve satisfying the above equation is called a Bertrand 
curve. We see that the property of a Bertrand curve is to be 
associated with another Bertrand curve having the same 
principal normal, the distance between corresponding points 
being the constant k. « 

If a Bertrand curve has more than one corresponding curve 
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it will have an infinite number of such curves and will clearly 
be a circular helix, for p and o will each be constant. 

We can immediately deduce that the only ruled minima] 
surface is the right helicoid. For consider the curved asymp- 
totic line on a ruled surface. We know that the osculating 
plane of any asymptotie line on any surface is à tangent 
plane to the surfaco. The generator of the ruled surface 
therefore lies in the osculating plane of the other asymptotic 
line through any point on it, If the surface is à minimal one 
it must therefore be a principal normal, and since an infinite 
number of asymptotic lines cut any generator orthogonally 
the asymptotic lines must be circular helices. The surface is 
therefore a right helicoid. 


§ 94. A curve on a surface in relation to that surface. 
We now pass on to consider the curves which lic on a given 
surface. Since such curves are defined by a relation between 
the parameters w and v, and since 2, the vector of the given 
surface, is a function of these parameters, we are really 
given z in terms of one parameter along the curve defined by 
an equation F(u, v) = 0. 

But since we want to consider the curves in relation to 
the surface we proceed by a different method. 

We have the formulae 

À-ur—vQ, h-—vp—Av, P» —3q1—gp, 

where A is a unit vector parallel to the tangent to the curve, 
p a unit vector parallel to the normal to the surface and 
making an angle $ with the principal normal to the curve ; 
and we havo seen (§ 89) that 

adel, gam? p- (94.1) 

c p p 

where p and æ are the radii of curvature and torsion of the 
curve. 

We know that 


Be, = 0, u2,—90, uv fh, H2 unc Ay, 
~~ “eer — 
£2 
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we can therefore easily verify the formulac 
lpi = (f, — Rid =, CF, — 01, x, 
h^ pg = (FO. —yQ,) 21 + (£5, —642,) “23 
and from these formulac we deduco 
h piz = (CeRi S Ra) pu, haz Zo = (ff2,,—942,) pu, 
hu, 2, = (eNe —f o) p, h pao = (ff2,, — y Rio) p. 
It follows that 
ù= 5 (HÙ + us 0) (2, Ù + 2,0) 
= (Qu 4 2,94 (2, 0, (94 . 2) 
and that 
húż = hV (pù +u, Ù) (z, à +z) 
= = p(( ey, — f 2) + (eR — g 2,,) 9 + (FR — g Rit) 
eutfo, fü +gù 


Q,à 0,9, Oy + 0,6 (94 3) 
But ii = ia = r =O? 
— >~ P 
and hù = hù = hpp, 
cos ġ - 2 - T 
and therefore 75 = f .212,ü040,0, (94 . 4) 
;. ] €i fo, fù+gù 
7 — . . . . ° 4 e 5 
(+) QR a, Dub uo O49 


We have thus expressed the two angular velocity com- 
ponents p and v of the curve under consideration in terms of 
the derivatives of the parameters u and v with respect to the 
are and the functions e, f, g and ii, Rizs Roge 

We must consider the remaining component qQ. 

As the vectors A, p, v aro displaced from their positions 
at P to their positions at P’, a neighbouring point of the 
curve under consideration, we may consider that they are 
displaced along the geodesic PT and then along the geodesic 
TP'. 

As we pass along P,T the displacement gds is zero and as 
we pass along TP’ the displacement qs is also zero. The 
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total displacement qds is therefore just the angle P'TM: 


that is [$ 39] 1 
q = — (94.6) 
Pg 
since the geodesic curvature of the curve is defined by the 
formula " 
- L — Lt,,, PIM . 
Pg P 


P T 


We should notice that unlike p and r the angular velocity q 
depends on the first ground form only and the derivativos 
of u and v and not on 2,,, £2,,, Ros 


11» 

We have proved earlier (36 . 3) that 
1 AAP) ' 
ae = + AA (94.7 
Py VvVA(F) (I (5 (A 007). 


We express this formula in a more convenient form for 
some purposes without the aid of the differential parameters by 
Y 2 
l at F. au F-2F. JP P+ FF 

_ 232 

Py qu, F2 — 24, F, P+, £3 }2 


where F(u, v) = 0 


, (94.8) 


is the equation of the curve, or, since 
Fd FO = 0, 
and F (w+ {111} W242 (121) wot (221) 09) 
+F, (G+ {112} W242 (212) à + (222) ù?) 
+F. ,,07+2F.,, 004+ F.t? = 0, 

and ,, ? + 2a,,.l0+a,,0° = 1, 
in the form | 

1 ù, d (111) à?-2 {121} 40 + {221} ù? 


—--—h|. 


| es 94.9 
Pg Ò, 04-(112] à? +2 (2121 wot {222} ù? (94.9) 


120 CURVES IN EUCLIDEAN SPACE 


Wo have thus found expressions for the angular velocities 
p24«l, _ sine p= CP (91.1) 
c p p 

along the curve in terms of the derivatives of w and v and 
the functions which define the ground forms. We notice 
that p and r depend only on the first derivatives, but g 
depends on the second derivatives and is the geodesic curvature 
of the curve. 

We have seen [$ 49] that the curvature of the normal 
section of the surface in the direction of the tangent to the 
curve is given by 


1 2o - . 
R= 2, U? 43 2 0,86 + 2,07. 
We thus have Meunier's theorem that 
cos h 1 
ee 94.10 
TR (94 . 10) 
The expression $ + ` (94.11) 
9 


is the same for all curves having the same tangent at the 
point under consideration. It is therefore the torsion of 
the geodesic curve which touches the curve at that point. 


$ 95. Formulae for geodesic torsion and curvature. We 
can find another formula to express the torsion of the geodesic 
by aid of the formula already proved 
£o (UE RY) apt R' R” k = 0. 


Since Z—A and p= vp—Ar, 
we have 1—('+ R^) v - HR RY (p+r?) = 0, 
that is, prt e - r) e — r) = 0. (95.1) 
If we take the parametric lines as the lines of curvature, so 
that = cos? 6 sin? 0 
S-E tE 


. 1 
this becomes p = cos Ô sin 8 m — p) 


or $ + Ž = cos dsin O (y — pn): (95. 2) 


g 
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Since q is the angular velocity about the normal to the 
surface, as we pass along the curve we are considering, we 
see that q — —644' à +q" Ù, 
where q'i Aq 


is the angular velocity about the normal of the rigid system 
made up of the normal and the tangents to the two lines of 
curvature. 

We thus have the formula for the geodesic curvature 


l itg ùq ù, (95.3) 


Pg 
We have 


T = 28in 0 cos 0 ez — ne) 6 + cos? 0 (4 " ( v) TO M v )) 


e onl: 9 1 07 

sin? —-(-—. ) +: — 
tein? o(a lga) +85, (py): 
and therefore ,—32 pq (95. 4) 
depends only on the first derivatives of the parameters u and 
v, and so is the same for all curves on the surface having the 
same tangent at the point under consideration. This theorem 

is due to Laguerre. 
In connexion with the formulae 


q= 1 a NP fan$ (95.5) 


Py P k 
where A is the radius of curvature of the normal section of 
the surface in the direction of the tangent to the curve, it is 
useful to remember that if a particle describes a curve on any 


surface with velocity V, the acceleration normal to the path 
2 
and tangential to the surface is _ 
g 


$ 96. Surfaces whose lines of curvature are plane curves. 
So far the curve we have been considering has been any 
curve on the surface: suppose nowethat it is a line of 
eurvature. ` 
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We have p = 0, as we see from the formula 


= p = cos 6sin 0( +, ES 


and therefore $+ - = 0. (96.1) 


If therefore the line of curvature is a plane curve its plane 
makes a constant angle with the surface all along it; and 
conversely if the osculating plane at cach point of a line 
of curvature makes the same angle with the surface the 
line of curvature is a plane curve. 

We now propose to find the form of a surface if all its lines 
of curvature are plane curves. 

Let « be a vector perpendicular to the plane line of curva- 
ture along which only v varies so that a depends on u only. 

Similarly let 8 be a vector perpendicular to the plane line 
of curvature along which only w varies. 

In accordance with our general notation in the theory of 
surfaces, let A be a unit vector normal to the surface at the 
extremity of the vector z. 

We have, since the parametric lines are lines of curvature, 


2,— JA, a= R" M; 
and as az, = 0, B2, = 0, 
we also have ar, = 0, BA = 0. 
It follows that a = pà +qà, B=rTdA, +8), 


where p, q, r, 8 are scalars. 
We thus obtain the two equations 


Dat PN HIAHIA = O, 
TÀ FTIA HSA HSA = O. (96 . 2) 
Now since SAA Ag = O, 
as the lines of curvature are conjugate lines, 
Iz = 8 = 0; 


and as there can be no relation between A, and A, of the form 
ar, + bX, = 0, 
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where a and b are scalars, we must have: 


Peis, Nd, (96.3) 
p v v p 
It follows that (log Pha = (log r), = — z 


and therefore we may take 
p = F(u)ð, r= fw), 


q = F(u)&$0, s=f(v)e’d,. (96.4) 
We also havo 0,, 4-0, 0, = 0, 
so that Ayo + OLA + 0,À, = O, (96 , 5) 
and 0,, -- 0,0, = 0. (96 . 6) 
Let us now start again with these two cquations. 
We seo that 0,,4-0,0, = 0 
tells us that e = f (u) 4 (vr); 
and, since Ai Ào = 0, 


the lines of curvature being at right angles, the equation 


Aa t+ A,r, +Â A = 0 


tells us that = (A2) +26,A; = 0, 
n 
3,03) + 20,47 = 0, 
so that A? +e?! F(u) = 0, 
AZ +e??? (v) = 0. (96.7) 


We can now so choose the parameters that 
APq4e7?9 2 0, Ae? = 0. 
The spherical image of the surface is therefore given by 
ds? = A? (du? + dv?) 
where At=U+YV,, 


U being a function of u only and V a function of v only. 
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But, from the expression for the measure of curvature of 


tle surface ds? = A2 du? + Bede’, 
- or/loB 07/1024 
KAB+ S (asz)tg(p)^* 


We must therefore have 
d2 o? 
-9 — L— _ . 
(U+V)* = ($a + ya) log (U V); 


and therefore 1 = UU~U24VV—V2+UV+VU. (96. 8) 
It now easily follows that without loss of generality we 
may take U = cosec a cosh u, 
V = — cot a cos v, 


P cosh u — cos & cos v 


96.9 
sin «x ( ) 


so that 
If p is the perpendicular on the tangent plane to the 
surface of which we have found the spherical image we have 
ptrarz = 0. 
It follows that 
Py +À? = 0, p,TA4,2—0, Pig tÀ? = 0, 
A 


since Ax = 0, Az, = 0, M4-0 X520; 
and therefore Pig + 0,9, + 0, p, = 0, 
that is, since 0,, 4- 0,0, = 0, 
pé = U4 V, (96 . 10) 


where U is a function of w only and V a function of v only. 
We know that 


More = 0, AQ 0, AZ+e7*? = 0, 


9 _ cosh u — cos & COB v 
where e = n 
sin a 


3 


and therefore we can.find À by the solution of equations of 
Riccati's form. | 
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We see that (cosh w—cos x cos v) A 
= sin « sinh wi + sin a sin y + (cos a cosh u — cos v) k, 
where 7, J, k are fixed unit vectors at right angles, will satisfy 
the conditions ; and we know that any other possible value of 
the vector A can be obtained from this vector by a mere fixed 
rotation. 
The surface may therefore be regarded as the envelopo of 
the plane 
æ sin x sinh u + y sin a sin v + 2 (cos acosh u — cos v) = U + V. 
(96.11) 


§ 97. Enneper's theorem Let us now consider a curve 
which is an asymptotic line on the surface. 


We have j — 0 for an asymptotic line and therefore 
cos $ — 0. 
p 
If p is infinite the asymptotic line is straight and therefore 
the surface is ruled. 
Leaving aside the case of ruled surfaces, cos is zero and 





therefore $ = 2 that is, the osculating plane of an asymptotic 


line is a tangent plane to the surface. 
For an asymptotic line the angular velocities are 


1 1 
v= > q= -, T—0, 


p 
and the formula p? + e -r) Gg -) —0 


1 1 


gives ott RR 


= 0, (97 . 1) 
that is, the torsion is V — &. This is Enneper’s theorem. 
We also see that the geodesic curvature of an asymptotic 


line is just the ordinary curvature. 


§ 98. The method of moving axes. If we now return to 
the equations of Codazzi (90.3), which are the foundation of a 
considerable portion of Darboux’s method of treating problems 
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of differential geometry, a method which is in effect the method 
of moving axes, we may take (", (" to be zero. 
The rotations are p’, q', 7; p”, q”, 7”, and the translations 
£, 0,0; £”, n”, 0; and the connexions are 
Por p” — q yl! =q"; Pa — 7 — Tp" =r", 


J 7 Y "ee , "n O —__ M 4 
r,—ri—pQq =P TU, Ex-E =r yrn, 


ae 


, 


7 ,— 94 — T£" r" E, pen —p = q'é'—q"'"£ . 

The displacements of a point whose coordinates with 

reference to the moving axes are æ, y, 2 are, with reference to 

fixed axes with which the moving axcs instantaneously 
coincide, 


dx + £ du £"dv—3 (du 4 v" do) +2 (q'du 4 q"d»), 
dy A 2'du +n" dv —2 (p'du t p'dv) +a (rdu + T'"dv), 
dz—a (q'dw +q” dv) 49 (p'du + pd). 


Thus for a curve on the surface making an angle œ with 
the axis of x 


ds cos œ = £' dw + £'dv, dssin ce = *'du- 9" dv. (98.1) 


A point on the normal to the surface and at unit distance 
from the surface traces out what we cali the spherical imago 
of the surface. 

Thus the spherical image of the curve is given by 


da cos 0 = q'du--q"dv, dosin 0 = —p'iw—yp'dv. (98.2) 

The direction of the line element conjugate to the line 
clement whose direction is v is 0 + z? and therefore the two 
elements du, dv and du, ôv will be conjugate if 


Sut Sv  n'ôu+n sv 


Do a ÀÀ 98.3 
pdu+p dvu — q'du-q''dv (98. 3) 


The asymptotic lines, being the lines traced out by self- 
conjugate elements, will therefore be given by 


é duré” du  y'dw-tn'dv (98. 4) 


pdutp dy ~ qducq'dv- 
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The spherical image of the surface will be given by 
do? = (p'dut "doy? + (q du 4- q" dv. (98.5) 
The principal radii of curvature and the lines of curvature 
will be deduced from the fact that the point whose coordinates 
are 0.0 R 
will have no displacement in space and therefore 
(E + Lt’) du + (£" + Ry’) dv = 0, 
(n' -- Rp’) dwt (yn — Rp") dv = 0. 
It follows that the measure of curvature will be given by 
E g” ‘=p "q T. g r” (98 6) 
^. i ZEY £n - —£" 7 
Here we should notice that the translation functions depend 
only on the ground form, as 
e = (EY cU, feat eas g= a), 
and that 7’ and 7’’ can be expressed in terms of the translation 
functions, so that we see again and very simply that the 
measure of curvature is an invariant. 
If the surface is referred to parametric lines at right angles 


we may take ds? = Adu? + Bide, 
and fi= A, £" =0, f =), xq" =H=B 
"NN A, th LL B, 
We then have t=- 775—734» 
and at once deduce the formula 
d BN DAN 
KAB+ - (2) +5. (7) =0 (98.7) 


If we refer the surface to the lines of curvature as para- 
metric lines we have p’ = q” = 0, and the principal radii of 
curvature are 

r=—4, R= Ë. (98 . 8) 
q p 

$ 99. Orthogonal surfaces. To illustrate the employment 
of moving axes depending on three parameters we might 
consider the case of orthogonal surfaces , 


u = constant, v = constant,” w = constant, 
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and take as axes the normals to these three surfaces at 
a point of intersection. 
We have é” =£'"=0, 7" =7'=0, ( =(¢" =0; 
and we may write g/—£ yn” =n, =e. 
The equations satisfied by the translation funclions now 
become é=, &=¢¢7, m-—-—(p,m- Er", 
&--£q, =ne”, 
CQ’ tnr” =0, £r" + Cp = 0, gy *£q" = 0. 
We therefore have 
» = 0, q” = 0, 7” =0, 
and we have the well-known theorem that the lines of 
curvature on the surfaces are the lines where the orthogonal 
surfaces intersect them. 


We shall return to the theory of orthogonal surfaces later 
and so shall not pursue the study further here. 


CHAPTER VII 
THE RULED SURFACE 


$100. Let a vector ( trace out any curve in space, and let 
A^, p’, v' be unit vectors drawn through its extremity, parallel 
respectively to the tangent, principal normal and binormal 
of the curve. Let 
A = cos 9. A' — sin O sin $ . w -- sin 0 cos $ . v/', 
H=cosP.p'’+singd.v’, 
y = —sin0.A'—cos0 sin $.u'-- cos cos .v', (100.1) 
then A, p, v will also be unit vectors mutually at right angles. 
On the unit sphere, whose centre is the origin, vectors 


z 


B A 
parallel to these two sets will eut out the vertices A, B, C 
and X, Y, Z of two spherieal triangles as in the figure. 


Let l and 1 denote respectively the curvature and torsion 
T 


of the curve and let 


- 1 , sing , _ cosh 
, lI + ; LL oo , y ———— , 1 00 ° 2 
p= oto, 9 r r; ( ) 


and p = p’ cos 0+7 sind, q= q' —6, er = t cos 0 —p' sin 6. 
(100.3) 
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By aid of Serret's equations we seo that 
K= TL—qv, p=py-TraA, v=Qqar—Dpp, (100. 4) 
so that p, q, r are the rotation functions for the moving 
triangle XYZ. The dot above any symbol denotes that it 
is the symbol differentiated with respect to the are of the 
curve traced out by ¢: we denote the are by v. 


§ 101. The ground form and fundamental magnitudes.* 
Let z = ¢+wA, so that u is the distance of the extremity of 
the vector z from the extremity of the vector f. As u and v 
vary, the veetor z will traee out a ruled surface of the most 
general kind if 0 and $ are functions of v. 

The curve traced out hy ¢ will lie on the ruled surface: it 
is called the directrix of the ruled surface. Any curve on 
the surface may be taken as directrix. 

We have 

2 =A, 2, =N+UA = cos OA4urp—(sin Ó-F Uy) v. 

The ground form of the ruled surface will be 

ds? = du? + 2 cos Odudu + (u? (q? + 1?) + 2uq sin 0 +1) do’. 

(101.1) 

We may write q = Mcosy, r= Msiny, 
when the ground forin becomes 

ds? = du? + 2 cos Odudu + (u? M* 4-224, M sin 6 cos y+ 1) de®, 

(101.2) 
so that q and are given when the ground form is given. 

The function A is given by 

h? = wu? M? + 24M sin Ó cos w+ sin? 6, 
= (uM + sin 6 cos d)? + sin? 0 sin? qj. (101.3) 
The angle between two neighbouring generators is 
Mdv, (101.4) 


and the shortest distance between them is 
sin Ô sin y dv. (101.5) 


The unit vector whose direction is the shortest distanee is 
cos y u +sin yr. (101.6) 


* (See also § 22.] 
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Since z, = A, Z, = cos OA +uM sin qr p — (uM cos s 4- sin 0) v, 
we have  z,2, = (uM eos y - sin 6) p 4- M sin sj v. 


The unit vector normal to the surface at the extremity of z 
is therefore Z, where 


Z zh [(wM eos sro sin0) uy --wuMsinqrv]. (101.7) 
If we calculate z,,, 2,., 7,, we deduce, by aid of the formulae 
Na =n Dy =— 2,4, Ny =— 2,4. 


12°) 227) 
that 2,=9, R= hM sin y sin 6, 
Nog = ph +h! ((u? M? + uM cos qr sin 0) + uM sin qr sin 6 
+ M cos 6 sin Jr (sin 0—w6)). (101.8) 


We may write NV for M cos y sin Ó when we are only con- 
sidering the ground form. 


$102. Bonnet’s theorem on applicable ruled surfaces. 
We saw that one of the most difficult problems in the Theory 
of Surfaces was, given the ground form, to determine the 
surfaces in space to which the form was applieable; and wo 
saw that the solution of the problem depended on a partial 
differential equation of the second order. In general we can- 
not solve this equation, but there is a striking exception in 
the ease of the ruled surface. 

Let us first consider a theorem on ruled surfaces. 

If on the surface with the ground form a,,dzx,du;,, the 
curves x, = constant are geodesics, we must have {112} = 0. 
If the curves cz, = constant are asymptotic lines we must 
have (2, — 0. If both these conditions are fulfilled the 
surface is ruled; that is, if 


N, — 0 and {112} = 0, . (102.1) 
tho surface is ruled and the generators aro 
Ta = constant. (102.2) 


Now suppose that we have a second ruled surface with the 
same ground form and therefore applicable on the first surface, 
and suppose if possible that its generators are not the lines 


L] 
æ, = constant. 
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We can therefore choose our coordinates so that the two 
surfaces will have the same ground form and that in the first 
surface x, = constant will be the equation of the generators 
and on the second surface a, = constant will be the equation 
of the generators. 


We have £24, — 0 and R'a = 0, 
and as for the two surfaces ,,2,,—?, 
and QM yp Ri., 
are the same, we must have 
Q?, = N'2,. (102.3) 
From Codazzi's equation (48.4) for the two surfaces we have 
9 
ya, Pe 1 ((122] — 11113) 24, = 0, 
ò 


— Nia +({211} — (222]) R, = 0. 
oq, 


It is therefore possible to satisfy Codazzi's equation for 
the given ground form with 
{112} = 0, {221} = 0, (102.4) 
by taking N, and N, both zero: that is, it is possible to 
find a surface with both systems of asymptotic lines straight 
lines; that is, to find & quadrie applicable to the given 
ground form. 
Unless then the form 
du? + 2 cos 0du dv + (M?u?+2Nut+i1)dv? — (102.5) 
is applicable to a quadrie, the generators of any ruled surface 
which is applicable to it must be 
v = constant. (102.6) 
This is Bonnet's Theorem and Bianchi's proof of it. 
When therefore the ground form is given in the form 
ds? = du? + 2 cos Odudu + (M?u? + 2Nw+1) dv?, (102.5) 
we know that, leaving aside the case of quadrics, the surfaces 
which are ruled and applicable.on it must be generated in the 
method we have described [so that their rectilinear generators 
are applied to its rectilinear generators]. 
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When the ground form is given we are given q and v. We 
may take p as any arbitrary function of v. We then know 
p and o of the directrix, and so ean find it by the solution of 
Riceati’s equation. Similarly we obtain A and thus find the 
ruled surface. 


$103. Ground forms applicable on a ruled surface. If 
we are given the ground form of a surface, how are we to 
decide whether it is applicable on a ruled surface? It will 
be applicable on such a surface if the ground form can be 
brought to the form 


du? + 2 cos Odudv + (M?u?--2 Vw +1) dv?, | (102.5) 
where 6, M, and N are functions of v only, but unless these 
are given functions of the parameter the general method will 
not immediately apply. This is the question we now wish 
to consider. 


The expressions da dv 
ds and (ls ; 
S «s 


where w and v are the parameters of a point on the surface, 
are tensor components, We may denote them by 7" and T”. 

The difficulty of the tensor notation tomes in when we 
want to express the power of a tensor component with an 
upper integer. Thus the square of 77 would have to be 
written 7°77, and in calculations this is inconvenient. 

We therefore generally write the above two components as 
é and 7 and try just to remember that they are tensor com- 
ponents when we apply the methods of the tensor calculus.* 

The equations of a geodesic are (§ 38) 


£ + {111} £24 24121} £9 + 1221n? = 0, 


l € 
zz (112) £4 2/122! £p + 1222] n? = 0, 


and | d = ¿< 2$ | dE 


da, T 7 3a, 


dy gon ,, 7 
ds — 0a, dLa 
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The equations of a geodesic may therefore be written 


T6 XE TITRE ini y) en (Se +1121) | E+ 211 9) =0, 


N 
ey [ f CUT f — 
Qu + (112; £+ [122] 9) + n(—" + (122) E (222) n) = 0. 

(103.1) 
Now these equations are very simply expressed in the 
tensor notation by 
TETA +AT, =0, 72,4772, =0. (103. 2) 
The cquation of the asymptotic lines is given by 
QT T1 2 R PTPR PCT = 0. (103.3) 
Now remembering that on a ruled surface one of the 
asymptotic lines is a geodesic, and taking the tensor derivatives 
of this equation, we have 
77" 4+20,,., T T? D, T? T7 
+27" (04,171, ERTA) 4*2 T? (£0, T, +N a T2) = 0, 
(103.4) 
and £2,.,7 T1 - 20,,., T! T? + 2. T? T? 
t 2T! (QT, + DT (+ 2 T? (2,79, +. 2,,72,) = 0 
(103.5) 
Multiplying the first equation by 7" and the second by 7", 
and adding, and making use of the equations for a geodesic, 
we see that if the surface is ruled we have for the equations 
of that asymptote which is a generator 
Ny EP +2 Nién + Ryan” = 0, (103.6) 
QE 3. , 8 0 312, En? + Ragg” = 0. (103.7) 
If we write these two equations 
(A, B, CE, n}? = 0, 
(a, b, c, CUE, n)? = 
the eliminant is (Salmon, Higher Algebra, § 198) 
a* C° — 6 ab BC? + 6 acC (2 B*— AC) - ad (6 ABC— 8 D") 
+9U°AC*—18 bc ABC c 66d A (2 B* —AC) +907 APC 
— p ed BA? +d? A? = 0. (103. 8) 
This vanishes for a ruled surface. 
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Now we know that 
2 — 9 


and, since an arbitrary function is needed to express 2,,, Rag, 
£2,, in terms of the parameters, there can only be one other 
equation connecting these functions. 

Applying tensor derivation to this equation we havo, 
using Codazzi's equations, 


oK 12 

£2, 4, uu £24.47 2 02, ,., = Ky (idg — lie 
12 

bis 


>)» 
(44, + (2, Rigo = 2 Rio Roog = Ko (Ciit — ). 


(103 . 9) 
We thus have three equations, viz. these two and the 
eliminant we have found. We conclude that this system 
must be complete if the surface is ruled. For if another 
equation of the first order in the derivatives of £2,, and 2,, 
could be obtained—the function £2,, is known in terms of 2,, 
and f2,,— we could obtain 2,, and N, by quadratures, and 
no arbitrary function would appear. 
This method, though tedious actually to carry out, will 
enable us to determine whether any given ground form is 
applicable to a ruled surface. 


$ 104. Case of applicability to a quadric. We must now 
consider the ground form 


du? +2 cos 0 dudv + (M?w? -- 2 Nw +1) dv?, 


as regards its special form when it is applicable to a quadri. 
The Cartesian coordinates of any point on a fixed generator 
of a quadrie may be taken to be 


_ 04U D, dv t b, aV + b, 


y= z= 33 (104.1 
av 4- b y = au+b ? avu+b ` ( 


where the variable v denotes distance on that generator. 

We have similar expressions for the coordinates on any 
other generator; and the variables v and v' of the points 
which lie on the same generator of the opposite system will 
be connected hy a bilinear equation.  » 

It follows that if F is a point on the first generator and P 


136 THE RULED SURFACE 
its correspondent on the second generator the direction cosines 
of their join may be taken as 


@,d,—a,d, — b d,—b,d, dg — Cd 
p ^? 1 | ^ (104 .2) 


where «,,5,, ¢,, dis Gy, Do, c,, d, are linear functions of v and 
D? = d? (a3 + b? +03) +03 (a? +b? ci) 

— 2 dd, (a, tg +b, b, e e). (104 3) 

The coordinates of any point on the quadrie may then be 
expressed in terms of u and v in the form 





pl 4 ye hh, y - ^ uis bh 
d, D d, D 
e c, d. — e, d, 
emu. 104. 
d, t" p (104. 4) 


It follows that M?, ND, cos 0D are rational functions of v 
which can be calculated, and that D? is a quartic in v. 


$105. Special ground forms. Binormals toa curve. Line 
of striction. We have found in $$ 100, 101 the chief formulae 
required in the study of the general ruled surface. When 
the ground form is given we are given q and v, and we find 
the different ruled surfaces which are applieable to the form 
by varying p. This generally means that we vary $, the 
angle of inclination of the osculating plane of the directrix 
to the corresponding normal section of tho surface. We 
cannot however take ¢ to be zero unless the ground form is 
special: for, if $ is zero, q+ Ô is zero: that is, 

M cos y +ô = 0; 
which would give the special ground form 
ds? = du! + 2 cos Odudu + (M*u? —2 Ó sin Óu + 1) dv?. 
(105. 1) 

Thus the binormals to a curve in space trace out a ruled 

surface with the special ground form 


2 
ds? = du? + (5 + 1) dv’, (105.2) 
c 


e 


. *. t * 
where c is the radius of torsion. 
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If we take as directrix an orthogonal trajectory of tho 


©. T . 
generators, 0 is .. , and the ground form is 


2 
ds? = du? + (Meu? +2 Mu cos y + 1) dv*. (105. 3) 

In seeking the surfaces which are ruled and applicable to 
this form we may take for one of them ¢ = 2c The directrix 


of this surface will be an asymptotic line and the surface will 
be generated by the principal normals of this directrix. 

We obtain the equation of the line of striction from the 
ground form itself. We have to find for given values of v 
and dv the values of u and dw which will make 

du? + 2 eos Odudu + (Mu? + 2 Mu cos y sin 0 + 1) dv? 
least. 

Clearly we must have 

du 4- eos 0 dv = 0, 
Mu 4- eos vr sin 0 = 0. 
The equation of the line of striction is therefore 


Mw + cos y sin 6 = 0. (105.4) 
Let us take the line of striction as the directrix. We must 
then have cos xy sin Ó = 0. (105. 5) 


We cannot have sinÓ equal to zero unless the shortest 
distance between neighbouring generators vanishes: that is, 
unless the ruled surface is a developable. We must therefore 
have in general, when the line of striction is taken as the 


directrix, w= d , and therefore q = 0. 


It follows that 6 = T i.e. that Ê, the rate of increase of 


the angle at which the line of striction crosses the generators, 
is equal to the geodesic curvature of the line of striction. It 
follows that the line of striction will cross the generators at 
a constant angle if, and only if, it is a geodesic. In this case 
the ground form will be 


ds? = du? + 2 cos adudv + (Miu? +1)dv*, (105.6) 


LU 
where a is the constant angle of crossing. 
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If x= 3 the form will be applicable on the surface gener- 


ated by the binormals of a curve in space. 


§ 106. Constancy of anharmonic ratios. Applicable ruled 
surfaces and surfaces of Revolution. We shall now con- 
sider the equation of the asymptotic line which is not 
a generator. 

The equation is 2.0,,dw+,,dv = 0. (106.1) 


Referring to the values given for N, and N, we see that 
this is an equation of Riccati’s form. It follows that the 
equation of an asymptotic line 1s 

obf 


V — VE (106.2) 





where a, B, y, 6 are some functions of v only, and k is an 
arbitrary constant. 

We thus see that every generator is cut in a constant 
anbarmonie ratio by any four fixed asymptotie lines. 

We also notice from the property of Riccati’s equation that 
if we are given any one asymptotie line we can find the 
others by quadrature. 

We have also seen in $ 101 that the normal to the ruled 
surface is parallel to 


uM (cos Nr p 4- sin Nrv) t- sin Ó p. 


It follows that the anharmonic ratio of four tangent planes 
through any generator is 


(Uy — Ua) (wu, — Ua), 


(u, — Uy) (ug —u)' (106.3) 


that is, tho anharmonic ratio of the planes is the same as that 
of the points of contact. 

Suppose now that P is any point on a generator, and that 
the tangent plane at P intersects a neighbouring generator 
in P'. Then in the limit PP’ is the element of the asymptotic 
line at P. It follows that the asymptotic lines through four 
points on a generator intersect a neighbouring generator in 
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the cross ratio of the tangent planes: that is, in the cross 
ratio of the points of contact. 

We thus have a second and more geometrical proof of the 
theorem that every generator is cut in a constant cross ratio 
by four fixed asymptotic lines. This theorem also is due 
to Bonnet. 

The condition that the normals to a ruled surface, at two 
points w,, u, on the same generator, may be perpendicular is 


4, M? + (wu, +u) M sin 6 cos w+sin? 0 = 0. (106.4) 


The points are therefore corresponding points in an in- 
volution range whose centre is on the line of striction. 

No ruled surface exists which is also a surface of revolution 
except the quadrie of revolution. We see this at once by 
considering a surface of revolution in relation to any meridian 
line. The asyinptotic lines, through any point on this line, 
must be symmetrically placed with respect to the line. If 
then one of these is a straight line so will the other be. The 
surface will therefore, if it is a ruled one, be a quadric. 

But the ruled surface may be applicable on a surface of 
revolution without being a surface of revolution. We now 
inquire what property the ground form must have if it 1s to 
be applicable to a surface of revolution with generators 
corresponding to the meridian lines. 

Taking as directrix an orthogonal trajectory of the genera- 


tors we have ds? = du? + (M?u 4 2 Nw +1) du. (106 . 5) 


If then this form is to be applicable to a surface of revolu- 
tion M and JV must be constants, and we see that the ground 
form may be written 


ds? = dw? + (u? 4 a?) dv? (106.6) 


where a is a constant, 
Thus the catenoid and the helicoid will both have this 
form applicable to them. 


$ 107. Surfaces cutting at one angle all along a generator. 
We now wish to investigate the cordition that two ruled 
surfaces with a common generator may intersect at the same 
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angle all along that generator. The condition will be found 
to have an interesting connexion with a particular class of 
congruences. 
We have seen that 
uM (eos yp - sin Wr) +sin Ou 


is & veotor parallel to the normal to the ruled surface at the 
extremity of the vector z. 
As we move along the generator this vector turns through 
an angle, remaining of course perpendicular to the generator. 
The vector product of the above vector and the neighbouring 


vector (u +du) M (eos Wu 4- sin wr) - sin Ou 
is Mw sin 0 sin Wa. 
But the veetor product is also 
(M?u? + 2 Mi cos yy sin 0 - sin? 0) d eA, 


where de is the angle turned through ; and therefore 





de ss Min @sinyy 107.1 
du M*u*-- 2 Mu sin 0 cos Y + sin? 6 ( -1) 
Let M = ksin 0 sin qj 


where & is the ratio of the angle between two neighbouring 
generators to the shortest distance between them. Then 


de k 


du (hat + cob)? -- 1. 
The equation of the linc of striction is 
kat 4- cot w = 0. 


If therefore we measure 4^ not from the directrix but from 
the line of striction we have the formula 


de k 


du — wil (107 . 2) 


It follows that if we have two ruled surfaces, for which & 
is the same, and one «f the surfaces is given a movement in 
space, bringing one of its generators into coincidence with 
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the corresponding generator of the other, and the correspond- 
ing points of the line of striction into coincidence, then the 
two ruled surfaces will intersect at the same angle all along 
that generator. 


$108. The ruled surfaces of an isotropic congruence. 
Let us now consider a ruled surface referred to its line of 
striction as directrix. 


Now ($100) ¿= N = cos 6A—sin 6». 


À —T"Lu—qv, 
and, since the line of striction is the directrix, q is zero. We 
therefore have (À = 0. (108 . 1) 


Suppose now that ¢ is a vector depending on two para- 
meters u and v, and that A is a unit vector depending on the 
same two parameters. 

Consider the congruence 2 = ¢+ wA. 

Tho congrucnee is said to be isotropic if ¢ and A correspond 
orthogonally. [Sec $ 81.] 

We have as the conditions for orthogonal correspondence 


o^ = 0, G^ t ^s = 0, (ary = 0, 


and therefore A, = arg, A, =d Oe, 


where a is some scalar function of wand v. 


We thus have dA = a Xd, (108, 2) 


whatever be the values of dw and dv. 

The ruled surfaces of the congruence are obtained by con- 
necting w and v by some equation. For any ruled'surface of 
the congruence we therefore have 


fi=0, À— aA 
where the dot denotes differentiation along the are of the 
curve chosen. This are will be the line of striction since 


(A = 0; 


neci . 
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and, since q is therefore zero, 
A = rcosec A. 
It follows that a = rcosec ô, 
that is, from our definition of k ($ 107), 
a= k. (108. 3) 
The ruled surfaces of the isotropic congruence therefore 
intersect at the same angle all along their common generator. 
They have all the same & at the point where the common 
generator intersects the surface 4v — 0, and their lines of 


striction all lie on this surface. ‘This surface is the central 
surface of the congruence. 


CHAPTER VIII 
THE MINIMAL SURFACE 


§ 109. Formulae and a characteristic property. If we 
give to 2, the vector which traces out any surface, a small 
arbitrary displacement normal to the surface at the extremity 
ofz, we havez’ = 2+At, where? is a small arbitrary parameter. 


Since Zi = AtA HAG, 2 = 24A FAL, 
we have 


/ — / — , — . 
~~ Ne W” 


that is, by (50.9), 
A'i = Aa tR Uig = M 2th Wy = Agg — 2t Ny. 
(109. 1) 
If the area of the surface is to be stationary, under this 
variation, then a must be stationary, where 


a = Ail — 01 25 
since the area is Jehdudo, 


We therefore have 
Q4,42,, + Uy), — 2a, , 24, = 0; (109.2) 
that is, the sum of the principal radii of curvature must 
be zero. 
The surface of minimum area, the minimal surface as it is 
called, is therefore characterized by the property 
R+R"=0 (109. 3) 
where R’ and R” are the principal radii of curvature. 
If we refer to lines of curvature as parametric lines on any 
surface a= RA z= RA, 


9 
and therefore, if t, du? + as dv? 
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is the ground form of the surface, the ground form of the 
spherical image will be 
andu? as? 
(Hy  (R"y 
The surface and its spherical image will therefore bo similar 
at corresponding points if, and only if, 
(Ry = (Ry? (109.5) 
that is, if the surface is a sphere or a minimal surface. 
On a minimal surface 
z= HM, -——HRh'^, 
and therefore — 2 FA, 4 RhA tR iA = 0. 
It follows that 


(109.4) 


3 rye n Iya __ 
sq Raz) = 9% 95 (BAT) = O, 


and therefore without loss of generality we may say 


Rr»?=-1, RX =l. (109.6) 

The ground form may then be taken as 
IU (du? + dv?), (109.7) 
the asymptotic lines as du* — dv? = 0, (109. 8) 


and the ground form of the spherical image as 
(R7) (du? + dv). (109.9) 


We may now write Ji instead of R’, and since the ground 
form of a sphere of unit radius is 


d.0? + sin? 6d 9, 
we must have R (d6?+sin? 6d 9?) = du? +dv%. (109 , 10) 
If we take w= co ge’, 


wo see that the complex variable w is the complex variable 
on the plane on to which the sphere of unit radius can be 
projected stereographically from the pole, if we take the pole 
as the origin from which 6 is measured and take the plane as 
the corresponding equator. ' 
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If w denotes the conjugate complex 


) 


0 
Lac 
cot zE 
we sec that  4sin* Ade dw = d 0? -- sin* 0d $?, 


and therefore 4sin‘ : dio dap = du? + dv. (109.11) 


If we regard u+ıv as the complex variable of another 
plane and denote it by æ, we have 
6 


1 
4 cosce 9 


du |? 


dw 








Now the curvature of the form 


. ,0 _ 
4 Rsin'--dadw 


2 
is zero; and, from the formula for the curvature of the 
ground form ds? = 2 fdu dv, 
we have PK =f fz— ffiz» 
. 4,0 Vp 
and therefore li sint o = f (w) F (w), (109.12) 


where f and F are functional forms. If the surface is to be 
a real surface these forms must be conjugate forms. 


» ,0 _ 
since cosec^ 9 = l ww 


the formula for k may be written 
R = (1 + wwf (w) F (w). (109.13) 


We notice that in a minimal surface the asymptotic lines 
are perpendicular to one another in general though not 
necessarily so at a singular point. This property is character- 
istic of the minimal surface. 


$110. Reference to null lines. Stereographic projection. 
We now choose as the parametric lines on the minimal 
surfaco its null lines ($ 45) and, instead^of writing w and w, 
we take u and v to represent these complex quantities. 

2843 U 
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"The spherical image will therefore also be referred to its 
uull, lines and their parameters will be the same w and Ù or 
w and v. 

The normal to the surface is therefore given by 


(1 4: uv) A = (uv)! —((u—v)4" (uv —1) I", (110.1) 
where v’, 1’, |," are three fixed unit vectors mutually at right 


angles and « denotes 4/— 1. 
It is now convenient to introduce two vectors defined by 


2pz(I—u?)v-*i(1u?) i" t+ Qu”, 
20 = (1—0?) i—i (1 zv" 4200". (110. 2) 

These vectors are conjugate vectors and of course not real. 
They are, in fact, generators of the point sphere whose centre 
is the origin. 

Such point spheres must play in solid geometry the same 
part that the circular lines through a point play in plane 
geometry. We may easily verify the following relations 
between p, c, and À; 


2 po — L(1- uv), 2pc = —(14+ wv)’, 
2p- (l-cuv)?i, 2o = (luv) A, 


pr = ip, TÀ = tT, 
p^, =X, TA, = —IA, 
(1-- uv AA, = — 21, p? = 0, g = 0. (110.3) 


We have seen ($ 109) that the complex variable w on the 

sphere 6 

u = cot; e? (110. 4) 

is tho coinplex variable on the equator when we take the 
ground form of the sphere to be 


d 0* -- sin? 0d Q?, 
and project the sphere, from the pole from which we measure 
0, stereographically on to the equator. 
The conjugate complex v is the image of u in the real axis 
of the plane. 
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The complex u fixes a real point on the sphere, since when 
w is given its two parts are given and so its conjugate v is 
given. If u, is the complex which fixes a point Ẹ on the 
sphere and w, is the complex which fixes the diametrically 
opposite point on the sphere, we have 


1+w,v, = 0, (110. 5) 
and consequently we also have 
l wv, = 0. 
We should notice that we cannot have 
w+1= O0. 


The complexes which correspond to the two opposite ends 
of a diameter may be called inverse complexes. 


§ 111. The vector of a null curve. A null curve is defined 
as a curve whose tangent at every point interseets the circle 
at infinity. Another way of stating the same definition is to 
say that the tangent at every point is a generator of the point 
sphere at the point. If z is the vector which traces out 
a null curve we therefore have 

dz = 0. (111.1) 
Now the components of a vector which satisfies the equation 
x? = 0 may be taken as proportional to 
1—u*, i(l+wu?), 2u, 
and therefore we must have 
dz = f” (u) pdu, (111.2) 
where f" (u) is some scalar function of the parameter u. 


It follows that the vector z which traces out a null curve 
may be defined by 


z = pf" (uU) — pf" (u) + pf (u) 
since the third derivative of p vanishes. 
We now denote the vector of the null curve by a, where 


a = pf” (wu) — pf (u) + py f (u). (111.3) 


$112. Self-conjugate null curves. They may be (1) uni- 
cursal, (2) algebraic. The conjugate null curve to a is clearly 


à = of" (o) -éF (v) toy flv), © (112-1) 
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where f is the conjugate function to f, and o the vector we 
have defined in terms of its parameter v. 

A null curve is said to be self-conjugate, when for each 
value of u a value v’ can be found, where v’ is the conjugate 
complex to a complex 4, such that 

X = Ayr (112 . 2) 

We generally write p without specifying its parameter u, 

but sometimes we may need to bring the parameter into 


evidence and then we write it p,. 
Differentiating the equation 


Au = Ay, 
we have Pad” (U) = oJ" wry, 
du 
so that V pusy = 0, 
and therefore l+uv = 0. (112.3) 


If we now write p for p,, and o for cy, we have 
pow? = 0, p,to,+2ou= 0, Upa tO 3-3uo, 2? 0 = 0, 
and we can write 
X, = —ou?f” (u)+ (o, -2ou)f' (u) 
— (T, + 2U, + zuto) OD. (112.4) 


&,, — of" (v') —o,f' (v) Fo , f (v). (112.5) 
If we now equate the coefficients of the vector c,, on the 


two sides of the equation o, zy 


we see that J (wu) z— ut f( — 1) (112.6) 


and we see further that this single condition is sufficient to 


satisfy the cquation OX, =O 1, (112.7) 


In order then that a null curve may be self-conjugate it is 
necessary and sufficient that the function f which defines 
it should have the property 


f uy - wt (— 2) (112.8) 


SELF-CONJUGATE NULL CURVES 149 


If we take 
pv 


f(u) Sa 0-w)rau- 2 doppi (U PHI HUP) 


pzl 
ps 
+ 2 yp (WP —UP*P) + Lb (1 +U) 
poe 


ps p-s' 


LL > bou (u?P+ — qi-2P) + > b, , (U2? + 272p), 
p=l pad 


(112.9) 
where the coefficients are any real constants and the summa- 
tions may pass to any limits, we see that the function will 
satisfy the condition necessary to determine a self-eonjugato 
null curve; and we see that this is the most general function 
which will do so. 

If we only take a finite number of constants the self- 
conjugate null curve which results will be unicursal. 

More generally, if we take fíu) to be an algebraic function 
of u, then f' (w) and f” (u) will also be algebraic functions 
ofu. We can then express the Cartesian coordinates of any 
point on the self-conjugate null curve rationally in terms of 
f (wu), f' (u), f" (uw), and u. We shall then have six algebraic 
equations, connecting the three Cartesian coordinates and the 
four quantities f (u), f’ (u), f” (u), and u. We can eliminate 
these four quantities and there will result two algebraic 
equations connecting the Cartesian coordinates. 

We have now seen how to construct null curves and self- 
conjugate null curves; and also how we can construct 
self-conjJugate null curves which will be unicursal; and yet 
more generally how to construct self conjugate null curves 
which will be algebraic. 


$118. Generation of minimal surfaces from null curves. 
Double minimal surfaces. When the minimal surface is 
referred to the null lines on it as parametric lines we have 


d, = 0, dg = Q, 
and therefore, since ayy Rya + 9,44, = 264,20, (113.1) 
9 
we must have 2,, equal to zero. 
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That is, we havo 


4 


ww 


a 


=0, 25— 


poe 
Lolo 
| 
e 
XN 
> 
r2 
I 
Q 
M 
pma 
H 
o 


and therefore, since A2, — 0, A2,-— 0, 
— — 


we have 2, = 0. 
e 
We also have, from 22 =0 23-0, 
that “1219 0, o = 0, 
and therefore Zio = PÀ, 


where p is a scalar. But A:,,- 0, 


und therefore Zig 0. (113.2) 


The minimal surface is therefore a particular case of a 
translation surface. 
A translation surface is defined by 


c=atB, (113.3) 


where a is a vector describing a curve whose parameter is u 
and f a vector describing a curve whose parameter is v. We 
see why it is called a translation surface as we can generato 
it by translating the u curve along the v curve or translating 
the v curve along the u curve. 

We might also define a translation surface by 


22=-a+8, (113.4) 


when we see that it is the locus of the middle points of 
chords one extremity of which lies on one curve and one 
on the other. 

In the case of the minimal surface we also havo 


) (da) = 0 and (48)? = 0, 
since zi = 0 and 23 = 0. 
The minimal surface is therefore given by 
22 — x4 


where a and £ are vectors tracing out null curves. 
If we confine ourselves to réal minimal surfaces tho null 
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curves must be conjugate and the parameters of the two 
points must be conjugate complexes. It is obvious that such 
conjugate null curves will, if the corresponding parameters 
are conjugate complexes, give a real surface, and the converse 
may be proved. 

If the null curve is a self-conjugate curve, however, we 
must take as the corresponding complex, not the conjugate 
complex, but the inverse complex. 

Thus the general real minimal surface is given by 


22 = X, +A; (113.5) 


and the real minimal surface generated from a self-conjugate 
null curve is given by 25 =a, +0(_1), (113. 6) 


where the suffix is the parameter of the null curve which is 
to be taken. 
We notice that in the minimal surface 


25 = Au (1), 
v 


as we pass from the point whose parameters are u, v by 
. . I 1 
a continuous path to a point whose parameters are — vog 
we return to the point from which we started; the z of the 
point will be the same but the A will be changed into —À. 
That is, we are on the other side of tho surface. For this 


reason the surface is called a double minimal surface. 


$114. Henneberg's surface. We have now seen how 
minimal surfaces are generated from null curves, and how real 
minimal surfaces are to be obtained, and how real double 
minimal surfaces may be gonerated. 

From what we said about the construction of null curves 
we see how to obtain minimal surfaces which will be rational 
functions of their parameters and how to obtain more generally 
algebraic minimal surfaces; and from what we said about the 
construction of self-conjugate null qufves we can construct 
these surfaces to be double minimal surfaces. 
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Thus 


toy aye 3 , 
B7 (V) CI Q2 = (GD) 


T3(u.w?--v pv)". (114.1) 





will be an example of a real double minimal surface as may 
easily be verified. It is known as Henneberg's surface. 

It may easily be shown that a minimal surface will then 
only be algebraic when the null curves which generate it 
are algebraic. 


$ 115. Lines of curvature and asymptotic lines on minimal 
surfaces. We liave for a minimal surface 
27 =Q+ B 
and, if the surface is to be real, 


25= 0,44). 
It follows that 


22, = pf" (u), 22, = aj" (n), 
and therefore 42,2, = f" (u) f” (v) pa. 
But 4 po = (1+ uv)! AQ, 
and, if A, — K are the principal radii of curvature of the 
surface, oe, _ — IX. 
We therefore have 
16 R? = f" (wu) f" (o) (Y uut (115.1) 


T 
If we write f” (u= (È Y), f” = ev 
4h = e Ya + Uv)”, 


then 


"N 2 
ts 


D 


and i os. ov 
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We then have 


ds? = spo (ŻE) (SY) dudy 


| dy 9 EG 
—_1ı1 aot 
= —i(14uv) 2) (Ss) udu 





= — Red sy, 
so that if ES +i, y —é—ug 
we come back to the ground form 
ds? = R (dé? dg") 

for the surface. 

The lines of curvature are 

é = constant, 7 = constant, 
and the asymptotic lines are 
+n = constant, €—7 = constant. 

We may therefore say, if ho (u) denotes the real part of 

$ (u), that one family of the linos of curvature is 


R | V" (u) dw = constant, (115.2) 

and the other R| vV’ (u)du = constant ; (115.3) 
whilst the asymptotic lines are given by 

R| Vif” (wu) dw = constant, (115.4) 

R| vay” (u) dw = constant. (115.5) 


§ 116. Associate and adjoint minimal surfaces. The surface 


obtained by substituting for f the function ef where « is 
a real constant is said to be an associate minimal surface 


to f; and when we take for « the number 5 it 1s said to be 


tho adjoint minimal surface. 

An associate minimal surface is applicable on the surface 
to which it is associate and the normals are parallel at 
corresponding points. 
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If ¢ is the vector which traces out the adjoint surface to z 
2 dz :z f" (u)pdu f" (v) adv, 
2d( — (f (u) piu — f" (v) adv), (116.1) 
so that these two surfaces will also correspond orthogonally. 


We sce that s—c¢ traces out not a surface but a null curve, 
and s+r¢ traces out the conjugate null curve. 


Since pa =—Ip, g^ = iT, 
we also see that d¢= Adz. (116.2) 


If then we are viven a curve on the surface we shall know 
the ¢ which will correspond to z along this curve, if we 
know the normal to the surface along the curve. We shall 
therefore know z+ı¢ and c—c¢ along the given curve, and 
thus have the null curves which generate the minimal surface. 


The formula A —2— | Xd: . (116.3) 


is due to Schwartz. 


CHAPTER IX 


THE PROBLEM OF PLATEAU AND CONFORMAL 
REPRESENTATION 


§ 117. The minimal surface with a given closed boundary. 
Any account of minimal surfaces would be incomplete without 
some reference to the problem proposed by Lagrange: ‘To 
determine the minimal surface with a given closed boundary, 
and with no singularity on the surface within the boundary.’ 
This problem is known as the Problem of Plateau, who solved 
it experimentally. The problem has not yet been solved 
mathematically in its general form; but has been solved in 
some particular cases, where the bounding curve consists of 
straight lines and plane ares of curves. 

Jonsider a part of the bounding curve, which is a straight 
line, on a minimal surface. This line must be an asymptotic 
line on the surface. Now we saw (S 109) that, when the 
surface is referred to the lines of curvature, as parametric 
lines, the equation of the asymptotic lines is 


du? — dv? = 0; (117.1) 
and the ground form of the surface is 

R (du? + dv’), (117.2) 
and the ground form of the spherical image is 

R- (du? + dv"). (117.3) 


Wo conclude that when the surface is conformally repre- 
sented on the plane, on which w and v are the rectangular 
coordinates, the asymptotic lines are conformally represented 
by lines parallel to the bisectors of the angle between the 
axes, and the lines of curvature, and also their spherical 
images, are conformally represented *by lines parallel to 
the axes. ° ' 
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If a part of the bounding curve is a plane curve, whose 
plane cuts the minimal surface orthogonally, and is therefore 
a geodesic, it must be a line of curvature. It will therefore 
be conformally represented on the plane by a line parallel to 
one of the axes. 

If then the whole of the bounding curve is composed of 
straight lines and such curves, the bounding curve will be 
conformally represented on the plane by a figure, bounded 
by straight lines, parallel either to the axes or to the 
biseetors; and the part of the minimal surface, within the 
boundary, will be represented by the area of the plane within 
the polygon. 

Next let us consider the spherical image of the surface 
within and on the boundary. At each point of the boundary, 
the normal to the surface will be perpendicular to a direction, 
which will not change as we pass along a continuous part of 
the boundary, but will change at cach angle of the boundary. 

The boundary will therefore consist of *ares of great 
circles. 

If therefore we can find a function of w, the complex 
variable which defines the position of any point on the sphere, 
which will transform the spherical boundary into the plane 
boundary, and points within the spherical boundary to points 
within the plane boundary, we shall have u4 iv known in 
terms of w, and can proceed to find the required surface as 
follows. 

We have (109.10) for an element of the sphere 


do? = dO * sin? 6d 9*, (117. 4) 
so that w = cot ^ e? (117.5) 


is the complex variable which defines the position of points 


on the sphere. 
The normal, to the sphere, which is given by w, is by (110.1) 


(l+ww)dA = (w +w): —i(w —20) I +(ww—1)v'", (117.6) 
where 4, i”, /" are«fixed unit vectors, mutually at right 
angles, 1 is V —1, and w the cofijugate complex to w. 
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Now we know that in terms of w and v 
do? = R~! (du? + dv?) 
and therefore Ji^! (du? -- dv?) = d 0? -- sin? 0d *. (117. 7) 
As we have seen iu $ 109, R is therefore known, being 


given by dæ |2 


dw 


We can therefore construct the surface since R and À are 
known in terms of w and "^, 

We can retrace our steps and see that the surface we have 
obtained satisfies the conditions required. 

We are thus led to the problem of conformal representation, 
and this we proceed to discuss, so far as it bears on the 
question before us. 


R = 4 (1 +ww) 





(117.8) 





$118. The notation of a linear differential equation of 
the second order with three singularities. Let a, c, b be 
three real quantities in ascending order of magnitude, and let 
x be a complex variable. 
When œ lies on the real axis between —o and a, or 
between b and +œ, we sce that 
b—c r—a 
b—w«w—c 





lies between zero and positive unity. When g lies between a 


oa, 


C— u w—b 


lies between zero and positive unity. We also sec that the 
reciprocals of these two expressions lie between zero and 
positive unity, when z lies between c and b. 

When a is complex we see that the modulus of one of the 
first two expressions is less than unity, or the modulus of 
each of the reciprocals is less than unity. 

Let 04, o, Bis Boo Yis y, be six quantities real or complex, 


but such that œ o, +b - B, cy, y, — l; (118. 1) 
and such that the real parts of 

Xa — 05, B.— B, nN 
are each positive. 
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1—a,-—a 
Let pglz979*,1 1-5 —5, p INTY (118.2) 
L—a LAT t—c 
(x —a) (x — b) (x —e) Q 


= 9105 (a— 5) (a—c) | Bb (b — a)(b—c) | Yı Ya (c—) (c — b) 


-~ C—~a e—b Z—C , 


(118. 3) 
and let (04, Bis Yis 05. Bes Yor Q, D, c, £) 
denote the hypergeometric series 


p(pt+1) q(q-41) 
1.2 rr)? * e (118.4) 





F(pq r g = 14+ tes 


where p=O,+8)+y,, q-—0,*B,ty,, r=1+0,-—4, 
c—b x—¢ 
$= c—a p 
We notice that P and Q are unaltered by the following 
substitutions: . 
(0,05), (BiB) (Y1Y2) (8171) (B22) (be), 
(1%) (ys) (e), (0,81) (a282) (4b). (118. 5) 





$118. Conformal representation on a triangular area. 
Consider now the differential equation 


dey p% 
di +P n tQ = 0. (119.1) 


It is known, and may asi be proved, that 


£ —c j” ET b) tn 
=) (a — c) 


(ài; Bi, yi: 9; Bs, yn 4, b, c, a) (119.2) 


is a power series, beginning with (w#—a)™ for its first term 
and expansible in powers of 2—a in the neighbourhood of 
cg =a, which will satisfy the differential equation. This 
series when xc lies on the real axis is valid when œ lies 
between œ and c. It is therefore valid at any point in the 
plane, the cirele through, which, having a and b as limiting 
pointe, intersects the real axis between a and c. 


ANAI 
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Another power series also beginning with (#—a)™ can be 
obtained from the first by applying the substitution 


(B, yi) (B, yz) (bc) 


to it. ‘The two series will therefore be identical at any point 
where they are both valid. The second is valid for real 
values of æ between —o and « and between b aud +œ. 
The region for which it is valid, when x is complex, can be 
obtained by a similar rule to that which was used as regards 
tho first series. 

When one series is valid, but not the other, the valid series 
is a continuation of the other. We denote these series by Ya. 

By applying the substitution (a,o,) we obtain two other 
series beginning with (xz—«)*5 valid over the same part of 
the plane. We denote these series by Ya,. 

By applying the substitution (y,o,) (ya) (ca) we get two 
series, Y y, beginning with (z—c)h, and Yy, beginning with 
(x—c)'*, valid over the part of the plane which corresponds 
to real values of æ between c and d. 

By applying the substitution (@,y,) (8, y.) (bc) to these last 
two serics we get two other series, YB, beginning with 
(z—b)', and Y, beginning with (w—b)*, valid over the 
same part of the plane. All these series, when valid, satisfy 
the equation. 


Let w = fa, 
Yo, 
Then we see that, as x describes the real axis from b to +o, 
and then from —o to a, w varies continuously and its argu- 


ment is 7 (a —o), if we agreo that the argument of a positive 


-0—_——»—/a\_ fe a9 +0 


quantity is to be taken as zero, and the argument of a 
negative quantity as 7, as c describes the real axis in this 
definite way. 

Let Q be the point in thew plane which corresponds to 
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x = b, and let P be the origin in the w plane corresponding 
to x -—«. As æ describes the path defined, w describes the 





straight line QP. 

When œ describes the semicirele about « the argument of w 
diminishes by w(a,—a,), and as æ describes the real part of 
the axis the argument of w remains zero, till we come to ft, 
which corresponds to w = c. 

We must now consider what happens as œ describes the 
semicircle round c, and then, passing along the real axis, 
comes to b and passes round the semicircle there. 

Over any part of the plane which corresponds to real values 
of x between c and b we can express w in either of the forms 


or 


where A, D, C, D and A’, B’, C, D' are certain constants. 
We see this from the known properties of a linear differential 
equation of the second order. 


Now the argument of y is the saine as that of 
1 
x— c Ya yı 
a) ^ 


and therefore zero, as œ passes iflong the real axis from c to b. 
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It follows that w describes a circle which passes through 
Q and R. 

The increment of the argument of w — ^ as we pass along 
the semicircle c is the same as the increment of the argument 
of y? that is, it diminishes by m(y,—y,) The circular 

1 
are through K therefore makes an angle z (y, — y,) with RP. 

In the same way we see that the angle at Q is v (9, — B,). 

Since, when c moves from its real axis to the positive side 
of its plane, w must move to the inner part of the triangle 
PQR, we see that the positive part of the plane of æ is con- 
formally represented by the inner part of the triangle. 


$120. The w-plane or part of it covered with curvilinear 
triangles. Consider now the transformation 


ao! — PITI 
TL +8 
where p, q, 7”, 8 are any constants, real or complex. 
If x describes a circle (or as a particular case a straight 


line) in its plane, so will x’. If x, and c, are any two points 


P 


R Q 


inverse to the circle c, then œ’, and 2’, will be inverse to 
the circle 2’. i 

We thus see that if P, Q, R are the three points which, in 
the above transformation, with Ya, + Ya, substituted for c, 
correspond to the singularities at a, b, c, the curvilinear 
triangle PQR, formed by three circular ares intersecting at 
angles Ar, pa, vm, where , 

A= XA — A; p= 85— ÊB» Y= ya Yp 
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will enclose the part of the w plane, which conformally repre- 
sents the upper part of the æ plane. 

Let w be the complex variable which defines any point S 
within the triangle PQR, and let w, be the complex variable 
which defines the point S,, which is inverse to S with respect 
to the are RQ. 


pw Tq 


Let aw = 
TU+S 


(120.1) 
be the substitution which transforms the are RQ to a part of 
the real axis of w in its plane. 


Then POTD ad tI 


(120.2) 
Tw 4S TU +8 


are inverse to one another with respect to the real axis of w. 

Let f(x) be the function of æ which we found would in 
this ease transform the upper part of the w plane to within 
the curvilinear triangle in the w plane. We now assume the 
quantities o4, 0, 81, B,, Yı» y, to be all real. Along the real 
axis of the plane x the coefficients in f(x) will be real, and 
therefore f(x) will be the function which will transform the 
lower part of the plane x to points without the curvilinear 
triangle, where z denotes the conjugate variable to z. 

We therefore have 





Pwrd s. Uuctq p 
TWH+S = f(x) and TW, +8 =f 0» 
It follows that 
w= sf (e) —g and wj = m 1, (120.3) 


p—=r f(a) 1 p= rf @y’ 
and conséquently we have 


p= 56- (120.4) 


p—r rf( d 
Eliminating f(z) we have 
t _ (ps—qr)w + 98-6 © 


nt ~ “(pr — 76) + ps—qr 
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If then w = F (æ), 
and w, = (zx), 
then $ (x) = (ps —qv) F (2) + d6—98 | (120.5) 


(pr — rp) F (2) + pi — qr 

If H is the inverse of P in the are QR, we thus see how 
the lower part of the œ plane is conformally represented on 
the triangle AQR in the w plane. 

Similarly if Q, is the inverse of Q in RP, and R, the 
inverse of R in PQ, we can conformally represent the lower 
part of the æ plane on the triangle Q, RP, and on the triangle 
R PQ. 

Just in the same way from the triangle RQR we can by 
inversion obtain three other triangles, one of which will be 
the triangle PQR. These triangles will give conformal repre- 
sentations of the upper part of the plane æ on the plane of «v. 

Proceeding thus we cover the whole, or a part, of the 
w plane with curvilinear triangles. 


§ 121. Consideration of the case when triangles do not 
overlap. In general these triangles will overlap, so that 
a point in the w plane may be counted many times over: in 


E 


WO 


fact, unless A, p, v are commensurable, a point in the w plane 
which lies within any triangle will lie within an infinite 
number of triangles. If, however, A, p, v are each the reciprocal 
of a whole number there will be no overlapping at all. We 
now confine ourselves to this dase. 
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One and only one circle can be drawn to cut orthogonally 
the ares of the fundamental curvilinear triangle in the w 
plane. By inversion we may take PQ and PR to be straight 
lines. 

We see that the two straight lines and the circle divide the 
w plane into eight parts. We see, however, by considering 
the original figure with which we began this discussion, that 
the triangle with which we are concerned is the shaded onc. 
For at the point Z the variable w will move in the direction 
of the arrow, for a corresponding movement of z to the upper 
part of the x plane; and, as w will not move off to infinity, 
the triangle could not be the outward part of 


R 


The triangle PQR is therefore of one of the two forms 


R R 


In case (1) P must lic within the circle of which RQ is 
the are. 
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For, otherwise, the sum of the angles at Q and lt being—for 
. 1 1 1 
we are now assuming À =-~, w=-, v= — 
p q T 


(e) 


the sum of the angles at Q' and R’ would be 


and therefore 2— ; — —« 1. 


But this is not possible if q and v are integers. No real 
eircle can therefore be drawn with P as centre to cut tho are 
QE orthogonally in case (1). 

The two cases are therefore thus distinguished: in case (1) 


Atpty > 1, (121.1) 
and the orthogonal circle is imaginary: in case (2) 
Atpty « 1, (121.2) 


and the circle which is orthogonal to the three ares is rea]. 


$ 122. Case of a real orthogonal circle as natural boundary. 
Taking case (2), the circle, whose centre is at P and which 
cuts the arc QR orthogonally, must intersect the circle QR at 
the points of contact of tangents to the circle from P. Clearly 
these points are without the arc QR, since the are QR is 





convex with respect to P. The points P, Q, R therefore lie 
within the orthogonal circle. When we invert with respect 
to a point outside the orthogonal circle we have three circular 
ares within the new orthogonal circle. By considering the 
point P which is the inverse bf P with respect to QR, we see 
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that P also lies within the orthogonal circle. Proceeding 
thus we see that all the curvilinear triangles are within the 
real orthogonal circle which corresponds to the case 
Atpty « 1l. 

In this case, therefore, only the part of the w plane which 
lies within the orthogonal circle is covered with the curvilinear 
triangles, which conformally represent the x plane on the 
w plane. This circle is therefore the natural boundary of 
the function which, with its various continuations across the 
real axis of x, conformally transforms the a plane to the 


w plane. 
Since there are an infinite number of solutions of the in- 
equality 1 1 1 


-+ + -<1, 
P 9q y 


where p, q, and r are integers, we get an infinite number of 
triangles which grow smaller and smaller as we continue to 
invert and invert: and as we approach the -boundary—the 
orthogonal circle—the triangles tend to become mere point 
triangles. 


$123. Fundamental spherical triangles when there is no 
natural boundary. We now consider the first ease when 


1 1 
+ >I 


1 

-4+ 

pP 4 
and the orthogonal circle is imaginary. 

If we stereographically project the w plane on to a sphere 
which touches the w plane at the real centre of the orthogonal 
circle, the fundamental curvilinear triangle becomes a spherical 
triangle which we shall now denote by ABC. 

The only possible solutions of the inequality are 

(1) p=2, q=2, r =M; (2) p=2,q=3, r=3; 

(3) p=2,q=3, r=4; (4) p=2,q=3,r=5; 
or equivalent results obtained by permutation of the integers. 
We lose nothing by taking A, B, C to be the correspondents 
to the singular points a, c, b in the æ plane. 

We may thus have'for the fundamental spherieal triangle 
any of the four figures which follow. 
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The operation of inversion is now replaced by the simple 
operation of taking the reflexion of each vertex with respect 
to the opposite side. We see at once that the whole surface 
of the w sphere is covered by the triangles and their images. 


h Aa 


In the first case we have 2m triangles in the upper part of 
the hemisphere and 2 n triangles in the lower part. 

In case two we have a triangle whose area is 4; that of the 
sphere, and by taking the six triangles with à common vertex 
at A we have an equilateral triangle whose area is 4 that of 
the sphere: that is, we have the face of a regular tetrahedron. 

In ease three, which is just that of the triangle formed by 
biseeting the angle C in case two, we have a triangle whose area 
is gg that of the sphere. By taking the eight triangles with 
a common vertex at A we have the equilateral quadrilateral 


whose area is & that of the sphere, that is, the face of a regular 


2 TP 
cube. Its angles are each ud and it is also the figure 
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formed by planes, through the centre of the sphere circum- 
scribing a regular tetrahedron, perpendicular to two pairs of 
opposite edges. 

In case four we have a triangle whose area is 74, that of 
the sphere. By taking the six triangles, with a common 
vertex at B, we obtain an equilateral triangle, whose area is 
gio that of the sphere: that is, a face of the regular icosahedron. 


$124. Summary of conclusions. When A, p, and v aro 
then the reciprocals of integers, we have found functions w 
of the complex variable, which will conformally transform 
the upper and lower halves of the œ plane into the area 
within the curvilinear triangles in the w plane. To each 
point in the x plane there will correspond, in the w plane, one 
point in each triangle or in the triangle adjacent which is 
its inverse. The real axis will be transformed into the 
circular boundaries of these triangles. 

T wo differeat points in the æ plane cannot have the same w 
to correspond to them. For by taking A, p, and v to be the 
reciprocals of integers we have provided against any over- 
lapping in the w plane. 

It follows that æ is a uniform function of w. 

In the ease where A+y+y> 1 there are only a finite 
number of values of w which will make a zero or infinite; 
and therefore x will be a rational function of w. We could 
express each value of w which makes c zero in terms of any 
one, and thus obtain the numerator of the rational function. 
Similarly we could find the denominator. As we only wish 
to give a general explanation we do not enter into any details. 

We have now shown how to represent the w plane, or its 
equivalent sphere, on the c plane. 


§ 125. Representation of the c-plane on a given polygon. 
To complete the problem of conformal representation in so 
far as it bears on the problem of Plateau, we have now only 
to show how the æ plane can be conformally represented on 
a given polygon. "The procedure is much the same as in the 
problem we have just discussed, ‘out much simpler. 
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Let a, c, b be defined as earlier and let a, 8, y be three 
real constants which are positive, and such that 


a+B+y=1. (125.1) 


Let X il (r—a)'^! (r—b-7? (x—c)*! dæ, (125.2) 


and let A be the position which X attains as æ moving along 
its real axis approaches a. 

As v moves along the real axis in its plane from — œ to a, 
the argument of X is zero, so that it too moves along the 
real axis of its plane. As œ moves along the small semi- 
circle with centre at a, the argument of X diminishes by ar. 
As x then moves along the real axis to c, X moves along 
a straight line AC to C, the point which corresponds to c. 
When æ describes the semicircle at c, the argument of X 
again diminishes by yw. Then as æ moves along the real 
axis from c to b, X describes a straight line CB to B the 
point which corresponds to b. X is now again on its real 
axis; and as x describes the semicircle at b the argument of 
X diminishes by Bz. Finally as x moves along the real 
axis to +œ and then from — oo toa, X describes the straight 
line BA. 

We thus have the figure 


B A 


in the plane of X, and the upper half of the x plane is con- 
formally represented by the area within this triangle. 

By a transformation of the form X’ = pX +q where p and 
q are constants the triangle may be transformed into any 
similar and similarly placed triangle in the plane of X; 
and thus the upper half of the z plane may be conformally 
represented by the area within the trlungle ABC which lies 
in the plane of .X anywhere. * f 


2843 Z 
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We thus see, as before, that the pland of x can be repre- 
sented by a series of triangles in the plane of X, which will 
cover it completely. But if there is to be no overlapping we 
must have a, B, and y to be the reciprocals of integers. 

These integers must satisfy the equation 


ptatgeh (125.3) 
and we see that the only solutions of this equation are 
p= 6, q = 3, r= 2; 
p= 4, q= 4, r= 2; 
p=3, g=3 r=3. (125.4) 


Wo thus have three cases 


B 


T 
[t ` 
/ 
AC EC AT— — A C 


and we see into what kind of triangles the given polygon 
must be decomposable in order that c may be a uniform 
function of X. 

We see that X is a doubly periodic function of v; and 
from the above triangles, and their images in the sides, with 
respect to the opposite vertex, we can construct the period 
parallelograms. 


ela gm 


$126. We have found corresponding to each value of w, 
the complex variable of the sphere, a definite value of a. 
This value of z will under certain circumstances which we 
have considered be a rational function of w. To this value 
of x we must choose, as its correspondent X, that value, or 
those values, which lie within the given polygon. Since 
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the values of w which lic on thé boundary of the spherical 
polygon are to correspond to values of X lying on the 
boundary of the plane polygon, and since these values of w 
correspond to points on the real axis of x, we see that the 
polygon must have its boundary made up of sides of the 
elementary triangles in the X plane. 

The principal results in thé theory I havo tried to explain 
in outline are due to Riemann, to Weierstrass, and to Schwartz; 
and my presentation is based on the treatises of Darboux and 
Bianchi. The connexion of this branch of Geometry with 
the Theory of Functions is interesting. 


CHAPTER X 
ORTHOGONAL SURFACES 


$127. A certain partial differential equation of the third 
order. We now want to consider the theory of a triply 
infinite system of mutually orthogonal surfaces; and we 
begin by considering the partial differential equation of the 
third order 


20 | 30 , 30 | 
P +g yy tsech Xom = qtanh a, (127.1) 
where 20 = tan”! 28+ 2gianha (127.2) 





r—t+2p tanh « 


and z is the dependent variable and x, y, and w the inde- 
pendent variables. [Here p, q, v, 8, t denote respectively 
02 os Or dz ds 
de dy dat ddy y] 
We shall see that it is on this equation that we depend 
when we wish to obtain the general system of orthogonal 


surfaces. 
Let 7 be any function which satisfies this equation, and let 
ò 


P) 
= 3r — cot 85, VS yz tO yy 


W = p cosh? a + q cosh? a toy 
then it is not difficult to verify that 
UW—WU = U(pcosh?a).U, 
VW-—WYV = V(pcosh?a). V. (127.3) 


It follows that a function w exists which is annihilated by 
the operators V and' W, and also a function v annihilated 
by U and JF. 
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Wo may therefore regard œ and y as functions of u, v, and 
w, and we have 


Ow s ou, — 0 ow 4 dU + ou _ 

om 2 tyy 2 = ' Qm ? dy 75 aw 
DY 4 074 ~ 9 V 4 24, +% o: 
dp l dy i = > de 9 dy 4: aw” 


where the suffixes 1, 2, 3 respectively denote differentiation 
with respect to u, v, «v. 
But from the definition of u and v we have 


94 ET) ÒU ow dù 
— 2 osh? . CL 
oz + tan és = 0, peosh ox +q cosh ET + Sw 0, 
04 Qu ov ov ov 
- — t -= g 2 y 2y er . 
y; TCO 6 0, peosh a +9 cosh um +5, = 93 


and therefore it follows that 
x +y,tand=0, w,—y,cotd = 0, 
£, —p cosh? æ = 0, yYy,—q cosh? x = 0. (127.4) 
We now see that 
ò > y 9 
PY 717 39 7727 3 


so that the equation with which we began beeomes 


=W; 


6, = q sinh æ cosh a, (127. 5) 
that is, 6, = y, tanh a. 
We thus have the three equations 
x+y, tand=0, a,—9,cot 0 — 0, 0, = y tanhæ. (127.6) 
Now let 





cos 2 0 sin ^ * 0 
i-o? : =e? - ¢ = tan /=0 
T IE IT quet c? 
cos — — ^ 
so that tan Ó = n= 
E+n¢ 


then we can verify that 
&-76 + (m = 9, M= 62+ de A 0, é — én t né = 0. 
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$128. A solution led to when functions satisfying & set 
of three equations are known. By retracing our steps we 
may verify that if we have any three functions whieh satisfy 
these equations we shall be led back to the solution of the 
equation of the third order. For we have clearly 


“,+y,tand=0, z,—y,cotð — 0, 0, = y,tanha; 


ð ð 
and therefore —=4,U, =n NV. 
ðu QU " 


Now * = sin? QU + cos? 0 V, S = sin 0 cos 0 (V — U); 


J 


and therefore we can verify that 





d B 09 B 
dy cosh?.c 2x cosh® e’ 
so that g, = pcosh?z, Yy = qcosh?.. (128.1) 
From Tis + 15 tan O +y sec’ 00, = 0. 


we verify that 

U (p cosh? ir) + tan 6 U (q cosh? a) 
= (cot 0 + tan 0) q sinh x cosh v, 
28 + 2q tanh x 


. LA —————————— 9 4 2 
and therefore tan 2 0 POTE 2p tanha (128. 2) 
. Q 
'inall h -= W 
Finally we sce that » W, 
and thus the equation | 0, = y, tanh x 
or 0, = q sinh g cosh æ 
becomes Wô = q sinh g cosh a. (128.3) 


The equations 


&-6 tém = 0, m-th =9, (Em t nbs = 0 
are thus connected in the way we have described with the 
partial differential equation of the third order. 


$ 128. The vector qaq^!, where «x is a vector and q 
& quaternion. We now pass on to the geometry which we 
associate with these three equations, 

If we are given any vector an& any scalar quantity we can 
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take the vector to be rsin 6.¢ and the scalar quantity to be 
r cos 6, where e is a unit vector. 


Let q = r (cos Ô + esin 6), (129.1) 


then q is called a quaternion, e is called the axis of the 
quaternion, 6 is called its argument, and 7 is called its modulus. 

A quaternion is thus just the ordinary complex variable of 
the plane perpendicular to the axis of the quaternion. 


We have q | r~! (cos 0 — e sin 0). (129.2) 

Any other vector may be written 
xe + Ye, (129.3) 

where x and y are scalars and e' is somo unit vector at right 
angles to e. 

We sec that q (xe +ye)q"! 
is equal to t (e cos 20 +e” sin 20)+ye, (129.4) 
where e” is the unit vector perpendicular to e and e’. That 
is, if & is any vector, qaq! (129.5) 


is just the vector a rotated about the axis of the quaternion 
through an angle double the argument of the quaternion. 


$130. Passage from set to set of three orthogonal vectors. 
Let us now consider the quaternion 


q=14+i+njt gk, (130.1) 
where £, Jj, k are fixed unit vectors at right angles to one 
another and £, y, ( are any three scalar functions of the 
parameters u, v, and w. 

Dq! = 1—ét— nj — çk, 
where D=14++ +C. . (130.2) 
Let A-—qi«q. u-qqi.sov-eqkq, (130.3) 
then A, p, v will also be three unit vectors mutually at right 
angles to one another, no longer fixed vectors but depending 
on the parameters u, v, w. 


Any system of mutually orthogonal unit veetors can be so 
defined. Í 
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We easily see that 
Dq^': qı = (& — 26 + m) t+ (m — (E + EG)I + (G—ém + né) k. 


(130. 4) 
Now |, q001)q9|--4«q'! 
and therefore qq qq = qq 


It follows that 
Dag? = (£i — né + £n) Ac (m —£& +80) H+ (£4 — £m + 081) v. 


(130. 5) 
From qu = Aq 
we have “HOY IA—AGg7 =A; 
and therefore dq 1A —Aq,q7 =À 


It follows that, since 
pv—vp = 2A, vA—AV=2p, Ap—prA = 2v, 
DA, =—2 (9, — lf + EG) v +2 (¢, — En, né )u. (130.6) 
Let àDpz£-n»át(m FD Hn- t£, 
4 Dr =O —-én tb), & Dp” = éng + en, 
zD En gé té, Dr” = ġa én + nb, 
3 Dp” = és—ngs tn» &Dq" = n — gés + Es; 
$ Dr” = (— én + ngs; 
then we have proved (130.6) that A, = pr’—vq’; and similarly 
we prove the other equations of the system 
A = prg, fy = vp T, y, = dy — p, 
Às = ae Hy = vp" —MU, v, = Aq" — pp”, 


À; = "-yq" Ia = vp” Ar”, v, = Ag” — pup” 
(130.7) 


It may be noticed that the q’, q”, q"" as here defined have 
no direct relationship to the quaternion q where 
q=1+gt+n7t+¢k. 
If w = p'A+q' p y, o" =p rA+G" ptr’ v, 


fir 


© m'y AQ" i p vl" hoy, 
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we see that A,— e'À, p=o' n=, 


Pss 
vr 


m nma 
A,=@ Ay pHu4,-—0 pH, V =w V, 


ON Ven, 
111 /n 


A. = wA, p = w" gu, vy o" y, (130.8) 
and we can easily verify from the formulae given that 
o = 29,071, w” = 244], w” = 20577) (130.9) 
where q is the quaternion. 
We also have—as we proved earlier [see $ 90]—the equations 


c", — 0", = e, wo’, —0 ^, = o" of, x e, = o a. 
(130 . 10) 

The angular displacements of the vectors ^. p, v regarded 
as a rigid body are o'qdw, dv, œ" dw. (130.11) 


$ 131. Rotation functions. So far we have been consider- 
ing a system of three unit orthogonal vectors of the most 
general kind depending on three parameters, and we have 
seen how they depend on the quaternion 

lc f£) 0) (Kk. 

We now want to consider the particular system characterized 
hy the property that W = q” =7'" = 0, (131.1) 
that is, by the property that £, 7, ¢ satisfy the three equations 
(127.7) which in § 128 we connected with the partial differential 
equation of the third order with which we began our discussion. 

We now have from (130. 7) 

A, = ur—vq', Ag = er", Az = —vq’”, 
py =À, Py = vp" —AvU, py = vp, 


111 An 
— . 


v, m Aq, v, = — pp”, vy = AQ” — pp 
It will be convenient to write 
¢ = (31) r= (12), p” = (23), 
n= —(21), p” =—(32), q” =- (13), 
when the above equations become 
A, +y (21)+v(31)=0, p+v(32)+A (12) = 0, 
v, +À (13) + u (23) = 0, 
^o = p (12), p =A (21), b, =A (31), 
às = v (13), ps = ® (23), * v, = p (32). (131.2) 
2843 A & 
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The six functions 


(23), (32). (31), (13) (12), (21) 
we shall call rotation functions. They are connected by the 
laws 


(23), + (82), + (12) (13) = 0, (81), + (18), + (23) (21) = 0, 
(12), + (21), + (31) (32) = 0, 
(23), = (21)(13), (31), = (32) (21), (12), = (18) (32), 
(32), = (31) (12), (13), = (12) (23), (21), = (23) (31), 
(131.3) 


as we can at once verify from the equations satisfied by 
A, p, v. We can express these rotation functions, as we have 
done, in terms of é, 7, ¢ and their derivatives. 


$ 132. A vector which traces out a triply orthogonal 
system. Now consider the system of equations 


=B(12), B,=y(23), y, = a(31), 
a, = y (13), B,-—«(21) y,= (32), (132.1) 


where a, B, y are scalars to be determined by these equations. 
We see at once from the set of conditions 


(23), = (21)(13), (31), = (82) (21), (12), = (13) (32), 
(32), = (31) (12), (13), = (12) (23), (21), = (23) (31) 


that they are consistent. 
Let a, B, y be any three functions which satisfy them, and let 


c= 0A ct Bp yv. (132. 2) 
We have 2, = (oq 4- B (21) 4- y (31)) X, 
| z, = (Ba + y (32) +a (12) p, 

2, = (ys +a (13) +B (23)) v, (132. 3) 


and therefore the vector 2 traces out a triply orthogonal 
system of surfaces. 

Conversely we see that there is no triply orthogonal system 
of surfaces which cannot be obtained by this method. 
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§ 183. Lines and measures of curvature. If we take 
a = &, +8 (21)+y (31), b =B, +y (32) +a (12), 
(ez yz +a (13) +8 (23), 
we have Z =À, Z= bp, 2, =cy, 
and we see that 
a, = b (21), b, = c(32), c, = a(13), 
a, = ¢ (31), 6,=a(12), c, = b (23), 


ò 
Ciz = Cy " log (13) + C25 3 q log (23), 
Cis = Ci yay ;, og (13) +e (31) (13), 
Ž- log (23) +c (32) (23), (133.1) 
and that these three last equations together with 


C23 = Cg 


EH Cy 
~ (13)? (23) 
are equivalent with the first six. 
The three orthogonal surfaces are 


(133. 2) 


w= constant, v = constant, w = constant ; 


the unit vectors parallel to the normals at the extremity of 
the vector z are respectively A, u, v 
b Cro 
We have e, = ga a = 3) 
and therefore the curves along which only v and w respectively 
vary are the lines of curvature on the surface w = constant, 
and its principal radii of curvature are 
b C 
az "^ as 
We thus have the fundamental theorem about lines of 
curvature of orthogonal surfaces, viz. that they are the lines 
in which the two other surfaces intersect one of the surfaces. 
If we consider the curve in space, along which only u 
varies, and if we suppose its prineipal normal to make an 
angle 6’ with the vector g,'and p’ and o' to be its two 


(133.3) 


(133 . 4) 
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curvatures, we have in the notation we used in considering 
curves in space (see § 94) 


. cos Ó' sin 0’ : 1 cos O’ 
À — UM UM OT. VEM , LL — . 








p' pw 
` sin Ó' , 1 
= — — } u. 133.5 
p= ra- (0+ a) (133.5) 
Now aÀ = X, ¢h=p, QÙ = V, 


since adu is the element of arc of the curve, and as we have 
A, +y (21)+v (31) = 0, pw, =A(21), vi = A (31), 
we must have 














Q1 — «t cos 6 asin 6’ 
04-0, (21) 2 S2, (31) 2 25. 
o P P 
Thus considering the three curves we get 
. 1 : 1 : 1 
+ — — 0, 0” + —, = 0, 0" 1 0, 
c T . 
c sin 0” a sin 6’ bsin 6” 
e= FS, any = ay 7, 
p p p 
—lt at 4h? EN ‘ , 
(32) = RE, (ag) = EOE (ay CRT. 
P p p 
(133. 6) 


and we thus see another interpretation of the rotation functions. 
In the figure here given A, B, C represent the points where 





C' o" A 


tne vectors A, u, v intersect the unit sphere whose centre is 
the origin ; that is, the points where parallels to the three 


MEASURES OF CURVATURE 181 


tangents to the curves intersect the sphere; and A’, B’, C’ the 
points where the parallels to the corresponding principal 
normals intersect the sphere. 

The principal radii of curvature of the surface u = constant 
were, we saw, b C 
(12) ^^^ (13) 


vue 
p —p 
that is, sin 0" cos" 


and therefore the measure of curvature is 
y'a 20" cos" — — cos B'O 


7 UP, orn Oa a CH rng ng (133 ° 7) 
p'p P P 


Similarly we havo 


— eos C" A’ — eos A’ B' 


K” = OA, K" = SOE (133.8) 
P P P P 
Again, from the formulae 
\/ 1 ^ 1 y 1 
0 + -; = 0, 0 +—, = 0, 0 +=, = 0 (133.9) 
c a o 


we at once see that, if a line of curvature is & plane curvo, its 
plane cuts the surface at the same angle all along it. 


$184. Linear equations on whose solution depends that 
of the equation of the third order. We now return to the 
equation of the third order (127. 1), 


ð ò . 
p cosh? g > +q cosh? a d + 2 =q sinh æ cosh 2, 
where 20 = tan"! 2842 q tanh 


r—t+2ptanha 


Suppose that z is any integral of this equation: we may 
suppose it expressed in the series 


z = f (æ, y) tw (a, y) +wp (m, y+... (134.1) 
and if the integral is a general one we may take f to be any 
arbitrary function of x and y. ; 

We shall show how whén f is a known function tho 
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function $ depends for its determination on a differential 
equation of the second order. 








Let 
of M Sf of f. 
) =- 9 _! = : — —M— 
pao 3535 t o tenhz Dy Q= a 3: + 2tanh a - TL 
and let N= cosh? æ U2 — + cosh? x M3. 
ox om oy oy 


The equation which determines ¢ is then 


QD P—P0Q-2 5 sinh weosh a (P? + Q?) 


_ p(X X6 d$ 
= P S -gyz +2 tanha y P) -2Q( AT, + tanha5®). 


(134.2) 
Now let w = w’ +w, where w, is a small constant whose 
square may be neglected, then 


z= ftuyptw' (P+ 2wy wh) toes (134 . 3) 


and by solving a similar equation to the above with f+, 
substituted for f we should find 


$ +2205 y, (134, 4) 


and thus obtain y. 

Proceeding thus we see the system of linear partial differential 
equations on whose solution we depend for obtaining the 
coefficients of the different powers of w in the series for z. 

A particular solution of the equation of the third order 
would bo obtained by taking f to satisfy the equation 


QNP—-PNQ=2 Y sinh æ cosh æ (P*4- Q*), (134.5) 
when we could take @ to be equal to f. 


$185. Synopsis of the general argument. It may be useful 
at this stage to give a résumé of the general argument. 
z is a function of z, y. and w which satisfies the equation 


pit 5a t T. t sechar 28 = q tanh z, 
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Pete alan 
. = -1 ^. — 
where 20 — tan aw pinha 
ò ð 
U = — — cot 0; Vey, PENCTES 
oc oY 
à ð Ó 
2 t. 2, . 
W = peosh? w sat q cosh? æ ET + 5,3 


and wand v are defined by 
Vu=0, Ww=0; Uv=0, Wv-o. 


We can now express a, y, and Ó in terms of wu, v, and w; 
and having done so we define £, n, ¢ by 








3| -- Ó . 2) 4-0 
cos /* sin 2 ^. 
é Zo" : , »z "um ; (a t" ze, 
cos 8 cos 2 — 8 2 
2 ~ 2 


and we have 
érné t6) = 0, néé té = 0, Gin + ng; = 0. 
The functions £, 7, ( now define a quaternion 
q=z1lt+élt nth, 
where ¿ 7, k are any fixed unit vectors at right angles to ono 
another. 
Three unit vectors mutually at right angles are now de- 


fined by — A= Gig, w=qiy, v= qk, 


where Dq!z1—£gi—myj—(k 
and D-—1-c4£grg +e. 
These veetors are not fixed. 

We have 


Ay tm (21) +r (31) = 0, gu, v(32) c A (12) = 0, 
y, +A (13) + u (23) = 0, 
A, = p (12), pg; —A(21, v,—A(31), 
As =v (13), pg5-—v(23), v, = (32), 
and thus the six rotation functions 


(23), (323), (31f (13), (12), (21) 
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are defined. These functions satisfy the conditions 
(23), + (32) + (12) (13) = 0, (31), (13), + (23) (21) = 6, 
(12), + (21), + (31) (32) = 0, 
(23), = (21) (13), (31), = (32) (21), (12), = (13) (32), 
(32), = (31) (12), (13), = (12) (23), (21), = (23) (31). 
The vectors A, p, v are parallel to the normals at the ex- 


tremity of some vector z depending on three parameters 
which traces out the three orthogonal surfaces 


w= constant, v = constant, w = constant. 
This vector z is defined by 
2=odA+Butyy, 
where a, B, y are scalars to be determined by the six equations 
A, = B(12, B= y (23, Yı =a (31), 
as = y (13), Bı =a (21), Y, = @ (32). 
Corresponding to cach solution of this equation system we 
obtain a system of orthogonal surfaces, and the different 


systems thus obtained have the property of having their 
normals parallel at corresponding points. 


If a=a +8(21)+y (31, b = B, y (32) - e (12), 


c = y, +a (13)+8 (23), (135.1) 
then =À, Z= pg, Z, = Cv, 
and a, = b (21), b, = c (32), c, =a (13), 


ad, = ¢(31), b,=«(12), c, = b (23), 
so that the ground form for the Euclidean space is 


ds? = a? du? + bdi? + edw’. (135.2) 


$186. An alternative method indicated. The functions 
a, b, c of u, v, w must satisfy certain conditions which can 
at once be obtained by expressing the rotation functions in 
terms of «, 6, c and their derivatives and using the conditions 
which the rotation functions ‘must satisfy. But we can 
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more rapidly obtain these conditions by just saying that the 


space defined by ds? = u®du? + b? dv? + edw? (136.1) 
is flat, and therefore (rkih) = 0. (136. 2) 
The conditions then are seen to be 
C, C ( 
Ogg = 3 y t 03 7, b, = b, " t5, 7, 
a D , 
pore tnl (136.3) 








ant (Pe (e tea 
(7) + (yeh (136.4) 


These six equations if we could solve them would equally 
lead to orthogonal surfaces, and this 1s the usual method by 
which the problem of orthogonal surfaces is approached. There 
seems, however, to be an advantage in making the whole 
theory depend on one equation of the third order as we 
havo done. 


$ 137. Three additional conditions which may be satisfied. 
We now wish to consider a special elass of orthogonal surfaces, 
and we begin by inquiring whether there are any rotation 
funetions which, in addition to satisfying the nine necessary 
conditions which all rotation functions must satisfy, also 
satisfy the three additional conditions 
(23), + (32), + (21) (31) = 0, (31), + (13), + (32) (12) = 0, 
(12), + (21), + (13) (23) = 0. (137.1) 
If we tako 
(23) =w +é, (31) =y+nņ, (12) =>2+¢, 
(32) = c — £, (13) = y-n, (21) = o—¢, 
and 2w =Sv+u, D2u'zzac-pu, 2w z wr, 
and, f being a function of the parameters w’, v’, w’, denote 


A af af co WM 0M 


— — 7 


$073 — 
dw v? dw’ d’ Qu' Quo 


respectively by fo fe fo 
2843 Bb 


^J 
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we sce that the twelve conditions which the rotation functions 
now have to satisfy are expressed by 
q,-——292,  1y4,-——22*0, 2, = — 22y, 
v, o—2906 Y= 2g, z4 =—2En, 
É = —292, m=—-2¢r, (= 2y, 
&=-2¢y, m=—-2€2%, €=-2na. (137.2) 
Now it is easily seen that these equations are satisfiel by 
taking 
(23) 2 &V tativ Va, (32) = 8 V7 8 V, 
(31) =V Vati Ka (013) = 4V Vav Vs, 
(12) =V Vhat Vs (21) = $V Vei Va 
(137.3) 
whero V is a function satisfying the ‘complete’ system of 
equations 


Vang t 20 Vo Va V= 0, Va 2 Va Ya Vi, = 0, 


Vit? V Va V, V, —0, F2 V Viz Vs Va = 0. 
(137.4) 
We thus see that such rotation functions exist. A particular 
solution of such a system of equations would be obtained by 
taking v= 0, Vat? Va Vag V. = 05 (137 . 5) 
and in this case 
(23) = (32), (31)— (13), (12)— (21. (157.6) 
It may be shown that this solution corresponds to the 
particular solution of the original equation of the third order 
when we take z to be independent of w. 


$ 138. Orthogonal systems from which others follow by 
direct operations. We must now consider the special property 
which the orthogonal surfaces will have which correspond to 
rotation functions satisfying the twelve conditions. We return 
to the original variables w, v, w in what follows. 

Let o, 8, y be any scalars which satisfy the equations 


a, = B (12), R; = y (23), yı (31), 
oa, = y (13) B,-&(21, y,-— (32), (138.1) 
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and let a, b, c be defined by 
a zo, +8 (21) y (31), b =B, +y (32) +a (12), 
cz Ya +A (13) - B (23). 
We then have 
d, = b (21), b, = c (32), c = «a (13), 
a, = c (31), bi =a(12), c, = b (23). (138. 2) 
Let a’ = u,+6(12)+¢(13), B’ = b, +c (23)+a (21), 
" = e +a (31) +b (32). 
We can at once verify that 
a, = B'(12, By = y (23), y'i = a" (31) 
Q^. = y’ (13), B^ = a (21), Y'a = p (32); (138. 3) 
and therefore V =a A+B pty 
will trace out another system of orthogonal surfaces. This 
second system is thus obtained from the first by direct 
operations not involving integration. We thus see that when 
we are given any one system of orthogonal surfaces of this 
particular class we can deduce by direct operations an infinite 
system of such surfaces. 


CHAPTER XI 
DIFFERENTIAL GEOMETRY IN n-WAY SPACE 


$189. Geodesics in «»-way space. In order to see what 
kind of geometry we may associate with the ground form 


62 I 
ds = 0,5, d da, 


of an «-way space, we naturally think of the simple case 
when n was 2, and the space a Euclidean plane. The most 
elementary part of that geometry was that associated with 
straight lines; that is, the shortest distances between two 
points. We are thus led to consider the theory of geodesics 
in our 2-way space. 





We have 
dds da; dd), day dda; dx; da, 
2 ds — ik ds ds Fin ds ds ds ds óc; 


d c a m dx, der Odin s 


— ba. (a, SE , 
t ds ds ds on, i 


da 
For a path of critical length therefore we must have 


dz, dit, 9a, da, da, 
"C ds) * ds AQ tk de) = 0g, ds de (139.1) 


Now (9 6) 


d Quy dx, day, y . 
ds “tk = od ds = da (ipk) + (kpi) ) ? 





and therefore 
da; da, = cst, dæ, 
ds ds ds ds 





(pk) + (kpi)). 
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It follows that 


d?g, (x, dx; da, 
it ds? +a tk a + de ds ” (ipt) ) + (tpi)) 
clan, s dx, “i 
+ he ai ? ((kpt) + (tpk)) = 7 is “de ra (ith) + (kti)) ; 
Ca, da, da 
and therefore a, dai + (Ust) ds ds k — 9, (139. 2) 


Multiplying by «t? and summing we have 


3 
Lp + (ikp} da; diy, 
ds? t ds ds 





= 0. (139.3) 


We thus have n equations wherewith to obtain the coordinates 
of any point on a geodesic in terms of the length s. 

But the equations are differential equations of the second 
order; and in general we can only solve them so as to obtain 
the coordinates in the form of infinite series. This is a 
practical difficulty and one of the reasons why we cannot 
have the same kind of knowledge of the theory of geodesics 
in n-way space that we have in Euclidean geometry of 
straight lines, 

The direction cosines of an element of length in n-way 
space are defined by 


e" = 


Going along a geodesic, therefore, we have 


da, 
ub pelea (139.4) 


ce + (ip! t£" = 0, (139.5) 


and we see that, unlike the direction cosines of a straight 
line in a plane, associated with the form 


ds? = da tdi, 


these direction cosines vary as we pass along the geodesic. 
Thus we are familiar with the difficulty of keeping to the 
shortest course between two given points at sea, viz. a great 
circle. In this case the differential equations are soluble in 
finite terms; but even with’ this advantage we should need 
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a continuously calculating machine to find the direction 
cosines at each point of the course. If the ocean instead of 
being spherical were ellipsoidal, we should not even have tho 
advantage of being given the equations of the geodesic in 
finite form, and the difficulty of keeping to the shortest course 
would be even greater. 

Now if we had built up our plane geometry by using the 
form ds? = da +e? de?, 
the direction cosines of a straight line would also have varied 
from point to point of the straight line and yet we would not 
say that the direction of the straight line varied from point 
to point. The navigator on the ellipsoidal ocean might hope— 
till he had learnt a little more geometry—to mend the want 
of constancy in his direction cosines as the plane geometer 
could mend his by a proper choice of coordinates. 

He could not mend this want of constancy by any choice 
of coordinates, but though the direction cosines change in 
passing along a geodesic there is no need to think of the 
‘direction’ as changing. 

We will then say that the direction in an n-way space is 
the same all along a geodesic. 


$140. Geodesic polar coordinates and Euclidean coordi- 
nates at a point. We recall the fact ($ 2) that any n-way 
space may be regarded as lying in a Euclidean 7-fold where 
y = $n(n+1), and that the vector z which lies in this r-fold, 
depending on the n parameters z,...4,4, has the property 
that its extremity traces out our n-way space. 

In the «-way space, unless it happens to be merely a 
Kuclidean space, we cannot think of a vector as lying in it: 
it is only the extremity of the vector with which we are 
concerned. ` 

But at any particular point of the »-way space there is 
a Euclidean n-fold which we may usefully associate with 
the point. 

Let z be the vector to the point under consideration, and 
let 2,...2, be its derivatives at the point with respect to 
4, ... £n, the parameters of the point. 
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Let £l... £^ be the direction cosines of any element of the 
n-way space at the point so that 


ag E Eh = 1, (140.1) 
then the vector € defined by 
EN Hat. HE n (140 . 2) 


will lie in the Euclidean n-fold at the point. It will clearly 
be a unit vector sinco 


gé = eU UL 
= — dy e £o = — l. (140. 3) 
We shall call this Euclidean «fold in which € lies the 
tangential n-fold at tho point. 


The coordinates of any point in the tangential n-fold may 
be taken as €,... £,, where 


é, = sé’, (140. 4) 
s being a scalar. 

We establish a correspondence between the points of our 
m-way space and the points of the tangential »-fold by taking 
the coordinates of the n-way space to be £, ... Ên. 

Consider the geodesic which starting at the point under 
consideration has the direction cosines £!... £”, 

From the equation of a geodesic 


d?r , dæ day 


de TARE us 


we see that the current coordinates are given by 
. s? 
vy = rit E s Aui PE T, (140.5) 


where s is the arc from tho initial point. 

Let 2’ be the vector which traces out the n-way space at 
the point 2^, ... 8n, and let ¢ denote the same vector expressed 
in terms of the coordinates £, ... Én- 

We have [see § 4 for the notation] 


C= Lile tt pe} é s+...) 
It follows that . 
Ciim si eo AD} Es + a) (ef — i £s s), 
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and therefore the transformation formula is 
a'in ag — (kpi) g s— (irk) s+., (110.0) 


where +... refers to higher powers of s. 
We thus have at the origin 


/ 
90 ik on Sin 
t a 
dÈ, OL, 





(lti) — (ith), (140.7) 


that is, in the coordinates we have chosen the first derivative 
of each of the coefficients in the ground form vanishes. 

It follows that in this system of coordinates, which 
establishes a correspondence between the points of the 
tangential n-fold and the points of the n-way space, every 
three-index symbol of Christoffel vanishes at the point under 
consideration. 

As regards the four-index symbol (rkih)’ we have 


92 pT q Qa, Qa", 

dE, 9E dé; dEr 

= (pqst) €; e €; e; 

= (rkth). (140. 8) 


(rhih)’ = ( pqst) 





We may call this transformation a transformation to geodesic 
polar coordinates at a specified point. 

We can combine the transformation with any linear trans- 
formation in the tangential «-fold. To do this suppose 
x,...£, to be the original coordinates, taken to be zero at the 
point to be considered. 


Let Zi Gu x", ; (140 . 9) 


where ¢,,... denote constants. 

We can now so choose these coordinates as to make the 
coefficients take any assigned values at the point We can 
then apply the geodesie transformation, and can thus arrange 
that the coefficients «&,; may have any values we like (pro- 
vided the determinant is not zero), and at the same time 
have all the three-index symbols vanishing at the point. 

In particular we can.so choose the constants that 


s (4), =E; (140 . 10) 
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at the point and that the three-index symbols may vanish. 
Such a system of coordinates may be said to be the Euclidean 
coordinates of the n-way space at the point.* 


$141. Riemann’s measure of curvature of n-way space. 
If we take the transformation 
= fla’ +n'a'ot..., 


where £, 5, ... are fixed vectors at the point, we find that 





dT, dL. L 
1 P. 2d or oe 
0212) = (vars) Sw. 0d, dL ou, 
= (pqvs) P nt £v, (141.1) 


9^1, = a£ E, 


F2 7 0. bake 
a i = Uig n, 








og = dinin”, (141.2) 
and 
(^n a yy a io = $ (Ei? — EP yf) (Eg — E19") (ait — Gig y), 
141.3 
and therefore | | 
(1212) — (figP?—£P5*) (E n1 — £15") pka) 

G3 433 7 V E ~ (Ein? — EP nt) (E*n 1 gin (Cir 05 — jg Gk) 

(141.4) 


Now let us consider the expression on the left-hand side of 
this equation. 

In general the four-index symbol as applied to n-way space 
is not the same thing às when applied to the lower space in 
which the coordinates whose integers do not occur in the 
symbol are put equal to constants. But in geodesic polar 
coordinates at the point the equality holds, since the three- 
index symbols vanish. 

It follows (see $$ 24, 37) that the expression on the left is 
the measure of curvature at the point of the two-way surface 
formed by keeping all the geodesic coordinates constant except 
two. The expression on the right is therefore the measure of 


* This system of coordinates has geen called the system of Galilean ca- 
ordinates at the point. 


2843 0o c 
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curvature of the geodesic surface—that is, the surface formed 
by the geodesics—through the assigned point, which touches 
at the point the Euclidean plane generated by the two vectors 
£ and 3. 

This is Riemann's measure of curvature of the n-way space. 
We see how it is connected with Gauss’s measure of curvature, 
and we should notice how in this respect the tangential 
n-fold takes the place of the mere tangent plane when n = 2. 
In the flat n-fold we consider all the Euclidean planes by 
taking any two vectors in the n-fold. We sce that these 
two-way surfaces have different curvatures and so different 
geometries. 


§ 142. Further study ofcurvature. The Gaussian measures 
for geodesic surfaces. Orientation. We have now obtained 
Riemann's measure of curvature and have seen how it is con- 
nected with Gauss's measure of curvature of a surface. 

We must now consider this curvature from another point 
of view. 

We saw that we were to consider the direction to bo the . 
same at all points of a geodesic in n-way space. This leads 
us to define two ‘parallel’ displacements at neighbouring 
points 2a, ... £&, and 2, - da, ... £p -- dz, as displacements whose 
direction cosines £!...£^ and £!-d£l...£"-- df" are con- 
nected by the equations 

d£? + {ikp} gide, = 0. (142.1) 
Thus in this sense of ‘parallel’ the tangents are parallel at 
all points on the same geodesic. 


It may be noted that the equation defining parallel dis- 
placements does not entitle us to say that 


ò éP en) éi — 
3a, * Ep) g = 0. 


If this equation system held, the tensor component £^ would 
be annihilated by every operator 1, 2, ... 7, and therefore 


glin Eu (tpi) g = 0, 
which could only.be true in flat space. 
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Let ¢ be any vector in the tangential n-fold at a, ... a, and 
¢+d¢ be tho ‘parallel’ vector in the tangential «fold at 
4 da, woe Tnt das. 
We have dë = Ë (z. + kD 2) dag + z,d (, 
= (das. 
As we pass from the point of departure with an assigned 


value for (, and the vector is carried parallel to itself, its 
value at any other point is defined by the integral 


C= | Cosa (142.2) 


and this value depends on the path of integration. 

Consider the small parallelogram in the n-way space whose 
edges are parallel to the vectors ¢ and 7, the lengths of the 
edges being respectively a and b. We want to find the change 
in ¢ by integrating round the parallelogram. 


We have (i — (£9, + é¢! — (()— Auito (OJ 2, 
where dx, is the increment in the coordinate, neglecting 
powers of small quantities of the second order, and 


2. = (Filo t [o ina OMS Seay (Fat) zu] 0n, 
and therefore 
(2. ug = sat [Cm uut C GO mat C at) 2. uu] 8v, 
—-[£ i] z. iu], Oar, 
We thus have 
Cza = Go no t [C (Zina t hee) Sei) | Ov. 
On the first edge at a point distant s this is 
(£2. ads [C (0 ut Ua uo 8" ])55 
on the second edge it becomes 
(C82. a) [c (eiku t ipt) 2.41) é ha 
t [C Gau Out] 24) n" ] 8. ^, 
The change in ( by integrating * 


iaip dag 
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along the two edges is 
[dent lat [£2 an Job [C Grat feet) oun) EE] s 
t [€ (inat {kut} z.i) E^ n^] ad 
t [£ (Cina opt] u) ny 2M > (142.3) 


If we had integrated in the opposite sense along the other 
two edges we should have interchanged £ and y, a and b, and 
we thus see that the change in ¢ by going round the parallelo- 
gram in the same sense is 


[¢ (= ikuy 7 7 dp x) E” n" Jaah, 


that is, [4 (ith u} 2, €4y*], ab. 
The change in ¢ is therefore 
ALC! (ithpt (E nE — EEn") ab. (142.4) 


If 0 is the angle between £ and 7, 
cos Ô = ast £i n^, 
sin? O = $ (£n? — éP n°) (68 1 — £1 n^) (a; yg — Gig tp) 
(142.5) 
Let us now consider how the angle @ is changed, if, keeping 
7 fixed, we carry € parallel to itself round the parallelogram. 
— sin 066 = appn" dé 
= — $ din" é {tipy} (Ent — £o?) ab 
= — 4 (Ely — £t) (E01 — £1 q”) (tkpq) ab. 
It follows that 66 divided by the area of the small 
parallelogram is equal to 


(£n? — EP ni) (£st — dan") (peg) — (142.6) 





(£in? — éP n! ) (e^ nt — £t n) (Uj, pq — big kp) 
That is, 66:divided by the area of the small parallelogram is 
equal to the curvature of the geodesic surface which touches 
the Euclidean plane generated by the two vectors formed by 
the sides of the parallelogram. 
From the equation 
Ug = g'z. a day, 
we see that the rate of changeof ( in parallel displacement 
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in the direction of the vector £ is é*¢'z.,,. We may then 
express this result in the notation 


S; = ECZ. 
Thus we have 6, = EN ete, 
&, = Ne = EF nea) 


— pini 
9772.4. 


Also & = £^ £a, 
$7) = ng — EEN sn, 
nn — nënta k 


It follows that 
661, Ene = £P (2.2. ig kph 


EE m — EN nÈ = PE Pm (din yg — ig Arp) 
and therefore 
Ee Ene (fig? eoi) (£g — En) iph) 
Emn én ne (ein! epai ekna — aakit n on. n 
gé 1n — én né (é n! —£! *) (é nt — £u n*) (ik bng — Cig 4 xy) 
(142.7) 


Riemann’s measure of curvature may therefore be written 


Eey 7 Ese 
— (142 . 8) 
gén — én né 

Again the rate of change of z in displacement along the 
vector ¢ is just ¢'z,+...+£"z,, and therefore the vector £ 


itself may be written z. Here we may notice that the 


vector z unlike the displacement vector £ is not a vector in 
the n-way space but only in the containing v-way flat space ; 
the vector £ on the other hand marks a direction, or displace- 
ment, in the n-way space, although it has only an olemental 
length in this space. 

There is then as regards the vector z in its parallel displace- 
ient just the ordinary Euclidean idea of translation. 
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Riemann’s measure of curvature may therefore be written 


"tt m Ten nt 
z T SS (142.9) 
“eve a "E E 
This is Gauss's measure of curvature of the geodesic surface, 
made up of the singly infinite system of geodesic curves 
drawn through an assigned point at which we require the 
measure of curvature: the curves at the point all touch 

the Euclidean plane generated by tbe vectors £ and y. 

Riemann's measure of curvature has an * orientation' given 
by the vectors £ and 5; and at the assigned point, by varying 
this plane, we get the different Gaussian measures. 





§ 143. A notation for oriented area. So far we have in 
using vectors only considered their products as scalar products. 
There is another product which we ought now to consider. 
When n = 3 and the ground form is that appertaining to 
Euclidean space, we know what the vector product means and 
how useful it proved in Geometry, but it does not seem to be 
capable of use-ul extension. We shall now think of the 
product of two vectors € and $ as defining an area in the 
Euclidean plane formed by £ and y. This area has then an 
orientation, and we shall understand by £9 the area of the 
parallelogram whose edges are the € and y drawn through 
the point. 

The angle the vector £ makes with the vector 7 being 0, by 
parallel displacement of the vector £ round the parallelogram 
whose edges are in the directions £ and y, and whose lengths 
are ds and és, this angle is increased by 


2,2 —2, 2 
ff" nn én nE 
S N” 


: £ndsós, 
Mad, GG TT I T wae 
. Enim TTE 


which may he written 


2,2 —2, Z 
& 7 £n^ "€ 
eh ^—— 





——————— dzz, (143. 1) 
where dz, ôz represent the sides of the small parallelogram in 
magnitude and direction’ € 
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We should notice that area has a sign as well as a magni- ' 
tude: we express this by the equation 

n+ né = 0. (143. 2) 

$144. A system of geodesics normal to one surface are 

normal to a system of surfaces. If the direction cosines of 


a geodesic are £!,...£", we have seen (139.5) that the 
equations of a geodesic are 


d ) Te iek — 
gE + {ikp} € É = 0. 


The geometrical interpretation of these equations is that 
the tangent remains ‘parallel’ to itself as we move along the 
zeodesic. 

We can put the “aeons in another form, 


Gy» T. l eh (il A) é’ eh = 0, 


and therefor e 


F pUe Ea " pt (UJ £P el = = 0, 


. ð 
since = g' 
“= e Ly, 


à 
Now ar, CAP = (Atp) + (ptr), 


and therefore the quien of a geodesic may be written 
© (apé). = : (Atp) EP g’. (144.1) 
We now wish to onsider the expression 


T, zm a, EP. 


A 

We know, from the theory of differential equations, that the 
necessary and sufficient condition that T, dæ, may be rendered 
a perfect diferential by multiplying by a factor is that 


n Y n à r 
T (sz T. - se ttt, (s. - gs, 2) 
EC T " T.) (144.2) 


should vanish identically fo? all values of A, p, v; and that 
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the necessary and sufficient condition that T, dz, may vanish, 
wherever ġ (£; ... £a) = 0, is that 


>, 2 md d 
T, (sm To az. Tu) * To Cas T a T») 


à ò 
+ T, T,- ar T.) 
should vanish for all values of A, p, v wherever 
$ (2, ... €n) = 0. 
Geometrically interpreted these are the conditions that the 
curves da, dæ, dae, 
LU Im (144.3 
a g | 
should (1) be cut orthogonally by & system of surfaces, (2) be 
cut orthogonally by the definite surface 
Q (v, ee Ep) = 0. (144. 4) 
We are now going to prove that if the curves are geodesics, 
and if the condition (2) is satisfied, (1) is satisfied also. 


= oT, 
and T, (qr) t T, ‘ep eT (pq) = [5 q v]. (144.6) 
Since 
d d d d ED 
ds Yay = Sa, ds ~ Dw, day 
d 2 d 2 d TEE ER 


ds UD = Sq, de PT Sx, de 47 ja, dm PT day a, V. 


dd _ 2 A ap 


cese ZA £e e S- ML 
-pE E ow )+ (ppa)) +é P " 


dEr da 
= ¢ e “Ea ee (pay) 
q P q 
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It follows that 
d p 
T) = £N Ge - (pA) = yw) 
S- H V. — H 
+5 uw. ea On, " (“pus ) 
ò 4 
- = AG. YN ~ sm aue ): 
ò 
Now pa, PA= yp (AP) 
= (A ppg) + (uat) Apts — ip pt) (91), 
and therefore we see that the first term in this expression 


vanishes, since A and y are interchangeable. 
We therefore have 








FM) 
M à ag à 
T,— T — — 
META Ss, AT M, tae TE sa, D^) 
2 
3 A) = a (Aq). (144. 7) 
Tp 


It follows that 
d 
TU q, v] 


= (gr) s T, + (rp) 4 d Ti+ On 5 Z T, 
X 
T, GE oa- i£ on) er (E (nv) ~ SE Ap) 
"6 on pon) 


= (Q È yo Tp+ OP È TT DE ss T, 





+ sE (qar) T +[49, A, P + D Mon T, * [r, X p]) 


+ AT (py) T, * [9, A, a). (144.8) 


2243 D d 


202 DIFFERENTIAL GEOMETRY IN N-WAY SPACE 


Since Mru EH = 1, 
we have £ T, — 1, 
az aT 
and therefore T, S Lp TAL, 
9c, ec. 


It follows that 
d 
ds [ 2, 1, r] 
= (qr) (pA) + (rp) (VA) + (pq) (7A) 
à X 
Q3 


o; 


A aé’ Ji 
:. [5 A, 7] + da; [Ap] + se [era] (144.9) 


Suppose now that over a given surface 


[p T] = 0. 
We then have 


d 
ds [297] 


= (qr) (PA) + (rp) (q A) + (Pq) (rA). 
Since [ p, q, r] is zero for all values of the integers over the 
given surface, we have 
T. (vs) + T, (sq) + T, (qr) = 0, 
T^ (sr) + T. (ps) + T, (rp) = 0, 
T, (qs) + T, (sp) + T, (pq) = 0, 
T, (rq) + T, (pr) + T. (ap) = 0, 
and therefore 
0, (rs, (sq) (qr) 
(sr), 0, (ps, (rp) 
(78), — (sp), 0, (p9) 
(rg. (BY), (qp), 0 
that is, (pq) (rs) + (qv) (ps) + (rp) (qs) = 0. (144.10) 
It follows that if [ D, q, r| is zero over a surface it is zero 


every where, and therefore if a system of geodesics are normal 
to any one surface they 'are normal to a system of surfaces. 


ul 
© 
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The direction cosines of the system of geodesics therefore 
satisfy the equation system 


It follows that KraPld, pq = = aPla, pt & lark” 


= eté'a qe 
= aq el E" = 1, (144. 11) 
and therefore UTE P, (144.12) 
vA ($) 


§ 145. The determination of surfaces orthogonal to 
geodesics and of geodesics orthogonal to surfaces. We can 
now find the equation which $ must satisfy when the surfaces 


ġ = constant 


are those which cut the geodesies orthogonally. 


Pr 
We h Pomp. (145.1 
e have é ( V^ ($) ) 


The equations of a geodesic being (139.5) 
d . 
_. £p hey gigk — o0 
Te t pig 8. = 0, 
we must have 
At 8 
(ut $; 0. a EA) (Auk NPE Py 0 











VAN AQ) AG) 7 
that is, (P! S («^ AD., = 0, 
and therefore a?! Jd CES 783). = 0, 
or (P As ss =)» = 0. (145.2) 
Expanding, A ($, $) = a5 A (o, ^ (9)), 
^ (9, n $)) . 


that is, A(¢)) = NE 


z, | 
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It follows that 
Ó a) 
—— = —— 145.3 
bya OO) mé LL). (148.3 


and therefore A (¢) must be a function of ¢. 

Without loss of generality we may therefore say that 

A (9) = 1. (145.4) 

We thus see that if we take any surface and consider the 
geodesics drawn from every point on it perpendicular to 
the surface, they are cut orthogonally by a system of surfaces 
$ = constant, where A($) = 

In ordinary Euclidean space this is the theorem that the 
lines normal to any surface are cut orthogonally by the 
surfaces $ = constant, where 


sf) + Gf) + «(GE yaa 


Conversely, let ; be any integral of the equation A (¢) = 1; 
then we shall show that the orthogonal trajectories of the 
surfaces $ = constant will be a system of geodesics. 

It will be convenient now to think of an (n+ 1)-way space 


and to take, instead of the variables 2, ... n+ & new system 
of variables y, ... 34,4, where 
Yat = $, (145 . 5) 
so that A (Yny) = 1, 
and to choose Y; ... Yp 88 n independent integrals of the 
equation A (Jua; Y) = 0. (145. 6) 
Let the ground form of the (n + 1)-way space be 
bady;dyy, i-1,2,... n+l. (145. 7) 
since A(9y,,, — 1 and A(gy,,,, Y) = 0 i£ v x5 (n4 1), 
we see that b ki ny b guis =O, 


and therefore the ground form is 
dY ata b dY dar, ; = 1, 2, coe M. (145 " 8) 
It will therefore be convenient to take as the ground form 
in the (n + 1)-way space 
du* + by.daj,da,, 5 = 1...0, (145.9) 
. . e 
where biy is a function of a, ... 2, and u. 
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The surface w= 0 is any arbitrary surface in the (n+ 1)- 
way space, and when u = 0 we may write bip = «dj. We 
may consider Q3, de, daz, (145 . 10) 


to be the ground form of the n-way space deduced from the 
(n+ 1)-way space by putting u = 0. 

The lower ground form may be said to be the ground form 
of a surface in the higher space. 

By varying w we obtain a series of surfaces cut orthogonally 
by the curves whose direction cosines are given by 


g6=0, £*—0,...£" = 0. 
These curves are geodesics, since 
{n+1, n+1, p} =0, p-—1...m. 


It will be noticed that the first of the surfaces cut orthogonally 
may be any whatever, but the other surfaces are given by 


A (u) = 1. (145.11) 


When we know the geodesics normal to w= 0, we know the 
whole series of surfaces which are cut orthogonally, or at 
least can find them by quadrature, since 


cuu E = Uy. (145.12) 
We obtain the geodesics, on the other hand, by the solution 
of the linear equation A (u, v) = 0, when we know w.* 


$ 146. A useful reference in (n--1)-way space. We have 
shown (145.9) that the ground form of any (n+ 1)-way 
space may be taken to be 


du? +b ydu,da,, t-1...m, 


ik k 
where bj; is a function of 2, ... &„ and u. 

The surface w = 0 is any surface whatever in the (n+ 1)- 
way space. By drawing the geodesics perpendicular to this 
surface we obtain a serics of curves which are cut orthogonally 
by the surfaces u = constant, u being the geodesic distance 


of any point from the surface u = 0., 


* [At this point in the author's MS. éhere is a memorandum * New 
Chapter ’.] 
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The surfaces w = constant are said to be parallel surfaces, 
and we have A (u) = 1. Travelling along any of the geodesics 
from the surface 4, = 0, only w varies. 

It will, however, be found useful to consider a moro general 
system of surfaces in the (n + 1)- way space. 

We therefore consider any system of surfaces whatever in 
this space, u = constant, where we no longer have A (u) = 1, 
and by taking the orthogonal trajectories of these surfaces, 
as the parametric lines 

l 4, = constant, ... à, = constant 
we may take the ground form of the space to be 
p du? + by, dada, n zl...^«. (146 . 1) 

The orthogonal trajectories are now no longer geodesies. 

The function b,, depends on the coordinates 2, ... x, and it, 
and, when u = 0, bip = a. 

We now wish to consider the two ground forms 

pdu? + by. dada, (1 46. 1) 
and cy C, du k (146 A 2) 
in connexion with Christoffel’s symbols, where after calculating 
their values for the higher space we put u =0. We can 
obtain the special case of parallel surfaces by putting ¢ = 1. 

We shall thus be shown how to generate the (n + 1)-way 
space which as it were surrounds any given n-way space. 

When we place the suffix b outside a symbol this will 
indicate that the symbol belongs to the higher space. The 
suffixes will always be 1...%. When we have to consider 
the suffix which should correspond to the variable w it will 
be denoted by a dot. 

ob; 

Let ` t = Ngh (146. 3) 

We see that 

(kh), = (kh); (tke p= u$; (kh = - Din; 

{ikh}, = {tkh},; {tke}, = fj; {ikh == —a 0,9; 


(rkhi), = (rh), + Ra Rhi 2, Ox 
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ò ð ' 
(Whe), = S (249) — 37 (D$) + yao, — y 
č r 
— (hht) arp + (rht} arep 
= (Rrihen Bhir) 


in tensor notation, 
ò AH 42 
(r-h-)y = $(L04-$.4) ta £2 d (146. 4) 


§ 147. Geometry of the functions (2,4. If we are given 
any n-way space we shall see that it may be surrounded by 
what is called an (n+1)-way Einstein space. We shall 
define this space shortly. A particular n-way space may be 
surrounded by a Euclidean space of n+1 dimensions; but 
before we consider particular kinds of this (n+ 1)-way space 
we had better consider the geometrical meaning of the 
functions 2,,, which together with $ are to generate the space. 

With this end in view let us consider two geodesics going 
out from the same point 2, ...7,, w = 0, and having the same 
direction cosines £l... £^, 0 at this point, the first geodesic 
being in the n-way space denoted by a, and tho second in the 
(n+ 1)-way space denoted by b. 

We have (140.5) for the current coordinates on these 


° J / J 7 
geodesics 4^, ... Ln and c^, ... c^, 


; . g 
vm ees È On Es 


. o 8 . 
a, = a +s f'— 3 (Anil £ E" + ..., 


and therefore, neglecting terms of the third order in the arc s, 
we see that the coordinates are the same for the two geodesics. 
But for the first geodesic the coordinate w is zero, and for 
the second geodesic 


— 3° 1, ei gu 
w= > (Asse E T... 
The distance between two points, one on each of the geodesics, 


1s therefore 92 vu 
OME Ss (147.1) 


208 DIFFERENTIAL GEOMETRY IN 7"? WAY SPACE 


8 being the distance of each point measured along its own 
geodesie from the initial point. 

This mutual distance we may consider to be normal to the 
geodesies if we neglect terms of the third order in the arc. 

The curvature of the first geodesic is defined by Voss as 
the ratio of twice this distance to s?. This is obviously 
a proper definition, agreeing with the ordinary definition 
when we are dealing with Euclidean space. 

We therefore have 


1 
"in $ 0p VE E 
— ODygG de, dz, 
Op day dE, 
— Payday, da, (147. 2) 
Ay, dx, da, 


The curvature of the first geodesics may be called the 
normal curvature in the (n--1)-way space of the surface 
u = 0 in the direction da,, dx,, ... da. : 

Looked at in this way we may write our formula 

1 £2, deda, 


E AER 147.3 
R a, eo, la, ( ) 





To get what we may call the directions of principal curvature 


. TP . 1. 
we require the directions dz; which make - critical. 


R 
The directions of principal curvature are therefore given by 
(a, — E42, ,) du, = 0, (147 . 4) 
where the values of R, the principal radii of curvature, are 
given by the determinant 
|a, — R4, | = 0. (147.5) 

We shall now show that the directions of principal curvature 
are in general mutually orthogonal. 

At any given point we can choose the coordinates so that 
corresponding to the principal radius R; only the coordinate 
x; varies at the given point. We therefore have at the point 

‘ay = Ry Qin, 
dy; = Ri Dy, 
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If, then, all the radii of eurvaturc arc distinct, 

dy, = Ri = 0, M ix, (147 .6) 
and therefore the coordinates are mutually orthogonal at the 
given point: that is, the lines of curvature are in general 
mutually orthogonal. 


$ 148. The sum of the products of two principal curvatures 
at a point. We now wish to obtain an extension of the 
well-known formula of Gauss 
1 (12 12) 








RR, (quu — O1 2 
for a surface lying in ordinary Euclidean space. 
Consider any determinant 


Gy, vee Cry 








Un 1 eee Unn 
and the corresponding determinant 


all.. al 


q”! ... (umm 








If |u| denotes the first determinant we see that any of its 
minors is equal to |a| multiplied by the complementary 
minor of the second determinant. 
Expanding the determinant (147. 5), or say 
| Gi; — A gy |, 
we see that the determinant divided by | «u | is equal to 


À A? 
— VER ji wal + (an „(atia — atk MU Liu y a ug) — sss 
(148.1) 


1 1 1 
aye gy" IP 
in accordance with the convention about repeated factors. 

We therefore have for the principal curvatures 


1 
Ta aPL dg (148. 2) 


V e 
4 ~ EE, = (rahe — aha) (Rpr 42,,—42,4,42,,). (148.3) 


2848 Ee 


the numerical factors . being; introduced 
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Now consider the expression, a tensor component clearly, 
A,, = ak (rkhi) ;s 
and similarly By = b^ (rkhi). 
We have seen in § 146 that 
(rkhij = (rkh?), + 2,24, — Rer R 
(rkh-)y = $ (Riner — Pirr) 


, , 2 
(ry = (Crit) = 9 (9. — 57, An) -FPN p D; ,. 


From the last equation, we see that 


(B-j = 0% $ (Pori — 5 On) AMG N, Di. (148.4) 
From the second equation, we see that 
(B) = a^ $ (Qin. Rrrr) (148.5) 
From the first and last equation, that 
(Brdo = (A pg ^ (0,502, — 0,05) 


t$ (P.ni — i 
The expression a? A, is an invariant which we denote by A. 
We thus obtain 
B= Ata ahh (D, 0,,—10,, 04) *29* B..; 
or, interchanging 7 and A, 
B = At+a™ak (0,1 —40,:0,)-4-29? B..; 
and therefore 
2B = 24 + (atah -qrhaki) (f, 2, — 2, 2,4) +46 7B... 
(148. 7) 


ik» 


N) aN, Ni, (148.6) 


It follows that 

j 1 
2B= 24 +4 
Remembering that B is an invariant in the (n 4- 1)-way space, 
and B..a tensor component in this space, and that A is an 
invariant in the n-way space obtained as a section of the 
(n--1)-way space by the surface u = 0, we may express 
the result at which we have arrzved in the following way. 


4 497? B... (148.8) 
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Consider any (n+ 1)-way space, and a section of it by any 
surface. 

Let £'...£^*! be the direction cosines of this surface, re- 
garded as a locus in the (n + 1)- way space. 

The direction cosines are connected by the identical equation 


1 = bgg. 

The expression 0^ (rkhi),  £'£! is an invariant of the 
(n+1)-way and the surface we have chosen. When we 
take the ground form ¢*du* + b;,da;da, and the surface 
w = 0 the expression becomes $^? D.., since £1... £" are zero, 
and p érti ntl = ]. 

If B is the invariant of the (n + 1)-way space, 

bri b^ (ekhi), 
and if A is the corresponding invariant of the n-way space 
which is the section of the (n+1)-way space by the given 
surface, then what we have proved is the following. 

The sum of the products, two at a time, of the reciprocals 
of the principal radii of curvature of the surface, regarded as 
à locus in the (n+ 1)-way space, is equal to 


4 (B-A) Uh (vhi, g'i (148.9) 
$ 149. Einstein space. Suppose, now, that instead of 


taking any surface we choose a surface whose direction 
cosines satisfy the equation 


4 B = bh (kh); (149.1) 
we shall have . 1 
For the case n = 2, this becomes Gauss’s well-known 
formula 1 (12 12) ° 


RyRy naed 
If, then, the (n+ 1)-way space is to be such that for all 
surfaces lying in it the formula of Gauss will hold, the equation 
iB = B,,€ é! ° 


must be identical with 1 eb, ££? 
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We must therefore have 
B,; = 4 Bb; (149.3) 
and in consequence of this 


bU B = i Bb” Diis 


that is, B=4(n41)B. (149. 4) 
Leaving aside the case when n = 1, we must have 

B= 0, (149 . 5) 

and therefore B; = 0. (149.6) 


A space with this property is what is called an Einstein 
space. 

It is interesting to see how from mere considerations of 
purely geometrical ideas we should be led to Einstein space. 


$150. An (n+ 1)-way Einstein space surrounds any given 
m-way space ($$ 150-4) We shall now show how, being 
given the ground form of any n-way space, we may obtain 
the ground form of a surrounding (n+ 1)-way Einstein space. 

We look on «d;;... as functions of «m,...2, and w whose 
values are known when 4 — 0. We have if possible to 
determine functions ,,... and $ which will satisfy the 


equations al^ (Rre — Ryg) = 0, (150.1) 
n 
$ A, a (2,,02,,—20,, 2,,) 6 0. 7 ju Pi = 0, 
(150. 2) 


! ò R 
a"! (o. ,; — 3, eri Po "4 d, = 0, (150 . 3) 


da; 
“ik — 2 Nye, (150.4) 





when u = 0. 
If we can find such functions, we take 


bin = (a)u-o—29 ligu * ..., 
and thus find the Einstein form 
o? du? + bir dada, (1 50. 5) 


in the immediate neighbourhood of the surface u = 0, that 
is, in the immediate neighbourhood of the given n-way space, 
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and proceeding thus by the method of infinitesimal stages we 
ultimately obtain the Einstein space which we require. 


Let A^ = o {tpp p}. (150.6) 
We shall first prove the fundamental identity 
An, = $4 ,. (150. 7) 


Employing the geodesic coordinates at a given point, 
At, = (ppp) 
ò Q 
= jx, (App) — 3a, OMY) 


and therefore in this system of coordinates we have at the 
given point 


T d? 
AX. = 5a, da, (App) — No, da - (App). (150. 8) 
Similarly we have 
1 ò n 
14,- 1 AR, w= 5 Pa, O 0 DD) ~ s (QA p)) (150.9) 
and therefore 43,34, 
] v 1 y 


= =- o. (Ap - — (AXA 
2 TATA pp) + 2 DAEA p 


1 o? 1 o? N 
92 oa, dL, Qu p) — 232,94, P” 


21 Y oq xy 
= 2 30,35, L Pp) + Gp] 


1 2 
BEEN [Ou p) + (ppa)] 
_!} o? Op 1 Oya 
20, dU, 0%, 209, dm, Iv, ° 
= 0. (150.7) 


The required identity holds therefore universally, since it 
is a tensor equation which vanishes for geodesic coordinates. 


$151. We now transform the functions Nip... which are 
to be found thus. ° ° 
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Let y* = git Nis 


A À 
and therefore Nir = N15 = (pn V; = AUi Vi, 


2 doy aa 2 
5, Pi = Qux yu V- + Ve Juy ^ 


ò 
= ap (I Vae Vt V?) (151.1) 
Writing V for VÀ we now have 


Via = Vps (151.2) 


u 
ò 
$ (Ab VV)+ Brats Vi = 0, 
that is, multiplying by «òP and summing, 


, 2 
$ (A + VVj) +O by, = Vj. (151.3) 


The third equation is 
A a dy 
vé. toV V= m V, 
and by aid of the second equation this may be replaced by 
— ^ re 
A = VV- V. (151.4) 
We thus have the equations 
Via = Vu; A= VEV- V?, 


and, writing ġà for Wd t, In the other equation (151.3), 

ò 

sy =o (Ant VV i) + 95. (151.5) 
These are only assumed to hold when u = 0. 


§ 152. Noticing that pa = A, ($), 
we have Purr = aO. pt = a^ Ap, 
= a^ (uÀ$,— (tq uà) by) 
= pa p. e—a aP (ptr) pa 
= j A, (9) —01P {PAu} ds; 
and therefore Puen HA Ph x B AlO). (152.1) 
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We now operate with À on the equation 


à r 
sy Va = p (Aat VVI) 4 Pp 


~ ò 
h > A = — (\ — t 
where = a, + {tas} ()—{uAt} €), 
s being the upper integer—here A itself so that we employ 
another integer s—and y the lower integer in V7. 

We easily verify that 


. 9 ò i ð 
EAT g Me] + (0) > (UM, 


QU l =Z u^ 
and therefore 


d d , 
3 ya VS tA VAS - {prt} +p, (Az - VV?) 


Hu 
+e (Aza +V VAV Vi) + dua. (152.2) 
Now, since (4.3) aan, =, 
we see that 3» = 25a V", (152.3) 
L 
and -— > (vl) j= a)! (rk) 


ð ð ys 90, Op 


— Aght 
2" du\ dæ, da, DL 
+ (rkt) (2 af? V5) 
ð ò 
— 1g! — i. 
= 2 ZO 290,,— 5-200 o 2004) 
t h 
2a? ( (rkt) V^. (152.4) 


Since 


ò 
55, ^a = PN e tO (24. {rtp} 2 pk t (ktp) N pe 


we sce that 
ð $,0,, 4 60,,.,— 0,42 oN 
Doch — ght ( Ptr rt 7 Prt eee 7 Planter 
yu UH ( 9,0 ri $42,. y— 2 {krp} $2) 
+ 2pa'? (rkt) V; 
= a^a, (HV? + $ V7.) -p Vi, y? 
— (Vi.,4 Vt.) —2¢ {krp} Vi 29 {rkp} Vp (152.5) 
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Now if we multiply each side of this equation by V; and 
sum, remembering that 


k — yr 
V, Any =} rakh’ 
we get 


Ó . aar 
Vis (A) = Viatan (6 Vi +V.) =p VIVI 


— 6, VEV =o Vi (Vit Vra) 
= VE (p V+ OV.) p, ViVi - OV, 
—-9Vi(Vi.4 Vi) 
= — Vi ($ Vi., +, Vi. (152.6) 


We deduce from the equation for > (rkh} that 


-—~ (kk } = $, Vito Vid, V—9, y.—d (V+ Vi.) 
——$,V—9V,. (152. 7) 
somes the formulae we have proved, we now see that 


E V. 


I yM- (pV; wt, Vi)- V, (9, V * 9 V,) 
+ pd, FEV ET Ae a+ V V+ VVŠ.) (152.8) 


We also have S V = ġ (A + V°) +4, (9), 
and therefore 
A) 1 . 
sz Vu = $, (A+ V*)+6(A,+2VV,)+pA,9, 
P) 
= $,(ViVi-—A-V?) 
+O(ViviutAr..+VV%..—A,~2VV,). (152.9) 
Now A+V?= ViVi, 
and therefore A ít 2 VV, = 2ViVi. "m 
We have proved (150.0) that A}. =4A 


and we have Vien m; 
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it follows that we have 


ð 
su X V) = 0. (152.10) 


§ 153. Now A is an invariant for any transformation of the 
coordinates xı... in the n-way space, and so therefore is 


24 : i - 
ju We shall therefore, in finding an expression for £, 


employ geodesic coordinates at a given point and thus materially 
simplify the necessary algebra. 
dA 
ou 
d sd, 2 
= — S MERE — tti f . 
ju (am, OU — 5 OHO + Coi p] — ptt (Au D}) 
ò 
Now 5 MU = Pung (b, VL +E Vi.) 


=p Vaa V,—b (Vi. V4.) 
and therefore 
n, 
a^ vu {Apt} = atf? CHA +o V — re ($, V, +, V) 
—a^ d (Viren + Views 
and we proved in the last article (152.7) that 


0 — — T 
s; {dit} ==, V - oV. 


Hence, in geodesic coordinates is equal to 


d 

> Ju 

(Att u} 9 aM 4. dt 2 (Att p> 
dU ÒU 


= 2p V" Attu} =a (Dery VEV. uto Vito, Vy) 

— AP (p.p V +V. +b, Vit o V) . 

ta (b, Vi. E, Vi E Per Vu Pept Vi) 

ta^ di (V, d Vi.) te" (Vidt Vi - pe): (153.1) 
Now Viene =8AV4, = AEV + (gt At) V1— (agAt] Vie 

= Vit (gt At) V! —(uqXMt) Vi, 
Mant = Vit (atut) Vi Duty Vi, 

p 


2843 
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and therefore 
Wb (Vi. Vient) 
= qM (Vut Vita) t 2 a^^ $ {qtrt} V, 
— a dat? (n pA) Vi-a pa (up At) V, 
= 29" V., — 2a"  $ (qti A) V] +200? ( pXAt Vio 
= 26A,(V)—2a Po {rt pt V^ 4-2 ATV, o. (153.2) 
It follows that = is equal to 
—VA,(¢)—PA, (V)- 24 (¢, V) 
m VA, (9) —04, (V) —24 (6, V) 
aM (HV 4 9, Vt Gi Vit $c V, 
t 2a" 9, VA. 26 A, (V) 2 AV, 9. (153.3) 


Again, a^" V, m at^ V5, 
and therefore 
a" 9, VA = $,a!" VA. = ad, V, = A(¢, V), 


dA. 
. 80 that PR equal to 


-2VA,($)- 29; VA 42A; V9. (153.4) 
Since, then, the equation 
2A ; 
Sy 52V ALP) + 2GL Vit 24; V] (153.5) 


is expressed in invariant form, it is true not merely at the 
point, whose geodesic coordinates we employed, but universally. 


d , 
Now <- (VEV}-— V>) 
=2 VX (p (4p + VV) +p) -2V ($ (A+ V9) +A, (9)) 
=—2 VA, p+ 20A V^ +2 A VEG, 


so that èv Và- V?—4)= 0. (153.6) 
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§ 154. If, then, we are given any n-way space, and we find 
functions V7 such that 


ara V^ = aj, V; (154.1) 
which will satisfy the equations 
À 2 
Vig eV, A-VIVR—VS (154, 2) 


and if, taking arbitrarily any function $ of 2, Tz, ... &, and 
. Í . 
à new variable u, we allow aj, and V, to grow in accordance 


with the laws 
od 


Sat = cus VI (154.3) 
i 
ae = o (Ai + VVI) +a., (154.4) 


taking as their initial values when u = 0 the given values of 


((j, in terms of £i... €a, and the values initially found for vi, 


th € tl ^ A — — ^T 2 

e equations Va =V, A=VAIVE-V (154.2) 
will remain true when u takes any value whatever, and the 
form p du? + adede, (154.5) 


will be the ground form of an (n + 1)-way Einstein space. 

The surfaces w = constant may be any whatever in the 
Einstein space; and we sce (149.2) that the property of this 
space is that the sum of the products two at a time of the 
reciprocals of the principal radii of curvature of any surface in 
this space is equal to — $ A, where A refers to the n-way space 
given as the section by the surface of the (n + 1)-way Einstein 
space. 


CHAPTER XII 


THE GENERATION OF AN (n+1)-WAY STATIONARY 
EINSTEIN SPACE FROM AN »-WAY SPACE 


$155. Conditions that the (n--1)-way Einstein space 
surrounding a given »-way space be stationary. Wo have 
shown that any n-way space is surrounded by an (n +1)-way 
Einstein space, and that the equations which lead to the 
Einstein space are 


VAn =V; A= VAVE_YV?, 


H? 


od, 
Ju = — 2g; Vi, 
2 yA (AX +VV*)4 9^ ) 
du fF H H Pu 
where A =a {tpp}, $= ON Da tye 


The Einstein space has the ground form 
p du? + biada dE, 
where by, is equal to a; when u = 0. 
We now inquire what properties the n-way space ground 
form must have if $ and bj; are to be independent of u. 
Clearly the necessary and sufficient conditions are that 


Vi - 0. (155 . 1) 
Wo therefore have 4 — 0, pA} +p —0; 
that is, p {Attu -$.,,— 0; A, ($) = 0. (155. 2) 
We now'want to transform the ground form 
Gy ada, 
and the funetion $ by the transformation 
du, = bg eV, d =e, (155.3) 


We have at! = e?" bik, 


{Uy } = {ikj }a + qi (ji V, tT Ut V;— ik Vj). 
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Let * 6) Le! )8, 4- €/0; — a, 07, 
where 0J = aJt 0, 
and therefore 0; = thy 0f. 


We also have A (6) = = 6'6,, A,(6)=6',. 
It is easy to verify the following relations : 


61,6, = 210,0, —na,, ^ (0), 


0,, 0; 1 — = (n+ 2) 0 ,8,— 20, A (6), 
64.1 — 05. ı = = (n— 2) 0. ih + Opp, A, (6). (155 . 4) 
Now {ihj ta = Lik jy+ Vu, 


and 
. ð , Ó . 
(rkih) = du, {rik} — va frhk} + {rit} {thi} —{rht) {tik}, 
UR D 
and therefore 


(ril, = {rkih} d x z S y, 
+ {rit} Vint V, ((thk),— Vin) 
—{rht} Vi- Va (ttik) , — Và) 
= ky + Vin Vina + Vi Vin— Vin Vi,. (155.5) 
We also see that 
(A, Vaz (n= 2) (^ (V), = 677 (32 Vo» 
A, eG -V — (2—m) eG 70Y (A, (V) --(n —2) A(V)), 
and therefore 
(4, (V) —(n—2) A(V)), = (4, (V) = 0. (155.6) 
Now a Vint Vin Vu Vin Vn 
= (n—2) (V. p+ V, Vj) +a, (A; (V) - (n —2) AV), 
and therefore 
{rith}, = {rtth},+(n—2) (V..,+V,V,). (155.7) 





It follows that, since . 
{rtth} , + aa = 0, 
{rtth}, + (n — 2) (n — 1) VV, = 0. (155.8) 


* [This is not the introduction of some new function 0, but an assign- 
. Do. . 9 . 
ment of meanings to 6^, and 6' in connexion with any known 6;. The 


meaning of d is that assigned in 8$. ] M 


222 AN (n+1)-WAY STATIONARY EINSTEIN SPACE 


For the form 6;,dx,da, we therefore have 
A,(V)=0, {rtth},+(n—1)(n—2) V, V, = 0. (155.9) 
If we can find a ground form to satisfy these conditions, then 
qu = bue", Q = &2-MY (155. 10) 
will give a ground form which will lead to an (n+1)-way 
Einstein form, the coefficients of which will be independent of u. 


$156. Infinitesimal generation of the (n+1)-way from 
the n-way form. In order to simplify the problem of finding 
the ground form 6,,dx,<a, we shall regard it as an (n+ 1)- 
way form and bring it to the form 
* pedu? bu drdleyg, (| = 1.072, (156.1) 
as we have done before. 
The equations 
A,(V)=0; {rtth} +n (rn—1) V.V, = 0 
now become, if we take | V /4(1—m) = u, 
A,(u)=0; Ltt} = 1; f{rtth}=0; 
rrtt} = 0. (156. 2) 
If we regard the form as generated from ap, de;dry wo 
have ($ 146) the equations 
b 
ou 
(rihi) = (rihi), + 24 £2, — (2, Rir 


^b 
; 


(rih ‘)y = p (Riri Date r) 


9 
(r-h 9 = $ (= £2, h7 $. in) + a" P (2, 24 
We therefore have 


. » 
1 = wip (p.n — Ru) n, Nin (156.3) 


~ 2.25.9, 


0 = a (2, Rir) (156. 4) 
0 = p (Aj t u^ (02,0, 2,404) «^ 0, Ri) 
ð 
e +b. sy Ti (156.5) 


* The $ used here is not the & of the Einstein form. 
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The first equation may be replaced by 
— $7? — A + Tie (Ra Ryu Rra 2;,) a” 
The geometrical meaning of this equation, since it may be 
written 
— p7? = Az i (ari a — ar^") (2. — (2, £2, ), 


i" "An 
is U+) -ER (156 . 6) 
2 


that is, the sum of the products two at a time of the principal 

curvatures of the equipotential surface V = 0 regarded as 

a locus in the (n + 1)-way space is equal to —4 (A +97). 
Making the mansion mation to the functions V; we have 


Z Và = (4+ VV)+), 


A 
V. AT — VÀ, 
A — 
P *+A+V?—Vi Vi = 0, 
ò 
Ju Cil =—2 pa; Vi, (156.7) 


and, from [A, (u)], = 0, we have 
—a™ {Ap} —$7* {e} = 0; 


. 9 
that 1s, —q«^ f 491—957 "e k; = 0, 
_Vg-1—g-3 2? — 
01 Vo-o Su 
a 
so that Dt V9? = 0. (156.8) 
We have, « denoting fhe determinant of the form a,,dz,daz,, 
Ou = agik Lik 
dw 


= —2ua%*Nygd = —2aV9; 


. ð -2) — -1 -399. 
and therefore 5; eh )=-—2aVo 200 Su? 


Q 
so that the equation sf +V¢?=0 


may be replaced by (q^?) 2*0. (156.9) 
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We have the equations 
Via = V; pe+At+V2- VV) = 0, 


n A À A À 
Ju Vi=o (A; t VV) + by, 
Ó 
Jy ik IL = 2d. V^, 


2 A 
p=- Vg 
As earlier, we therefore see that 
ð 


s; Vear V) 
= p, (V; V4 —A—V?) 
+ (VV. + Ar. + VV —A4—2VV) 
= buh +A (V5 Vi. FA VV AL-2VV,); 
(156.10) 
and this is equal to zero, since 
$$, = 4AL- V, Vi VV, 
We also have, from what we proved earlier (153. 5), 
oA 
sa TVA (P) + 2G, Vi 24; VT, 
and we have 
S (9724 V2 y^ yo —297229 12 y ($ (A4 V9) A, (9) 
dU A # du 2 
—2 VÄ (p (Ag+ VV) $)); 
and therefore = (A+ $7? 4 V?S- VA V^) 
= 29729 42V (4+V?— Y? VA 
.— 26 Su | (A+ Ve— A u) 
= 2 Vġ(A+V?—V¥# V} +$) =0. — (156.11) 
We thus see that the required (n+ 1)-way form can be 
generated from any n-way form infinitesimally by choosing V; 
and ¢ to satisfy the equations 


Vien = Vp; Ato ?eV?—-VEVE=0. (156.12) 


RESTATEMENT AND INTERPRETATION OF RESULTS 225 


$157. Restatement and interpretation of results. We 
may now restate the result at which we have arrived. 

Let a,;,dx,;da,, be the ground form of any m-way space 
whatever. 

Find functions V; such that ay V? = A; Vi, and which 
satisfy the equations V3., = Va. 

Define a function $ by the equation 

-: : hye — 
A+qg-?+V?7—ViVS =0, 

where A =a" (Atty). 

Let the coefficients a,, and the functions $ and V; grow, 
with respect to a new variable u, according to the laws 


ddig A 
ad - 2da VE, 


ò . 
S Vi = p (Ai + VV) + ally, 


ò 
< d= — Vo? 
5,9 $“, 
having as initial values, when u = 0, the given values of aj; 


in terms of a, ... x, and the values initially found for V; and ¢. 
The equations Vr, = V, 
A+go-?+ ys-ysysr = 0 
will remain true when w takes any value whatever; and, 
a denoting the determinant of dip... «$7? will remain 
a function of 2, ... 2, only. 
The (n + 1)-way form 
p du? + as, dar;du,, i —]1l... TV, 
will now have the properties 
A,(u)-—0; (ti) —1; {rtth} —0; (rtt*] — 0. 
Transform now to any new variables which we may still 
denote by £i... ns n+ and let 
VY — (n —1) = 4, 
and thus let the (n -- 1)-way form be ` 
Qu dada, , 3 i = 1... n+l. 


y 


nn 
D d 
ce 
je» 
gz 
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It will now have the properties 
{rtth} -- n (n — 1) V, V, = 0, 


where A,(V) = 0. 
From this (n + 1)-way form let us pass to the form 
bi, dac; day, 
where b, = dipe y, 
and let Q = e, 
We now have, for the (n +1)-way form 
bded, 5 —1...9 1, 
O (rith! +6.,, — 0, A, (0) — 0, 
Or B= 0, 0 B3 + 6%, = 0, 
where B?) = DN fatty), 4 —pr6.,, 


The (n+2)-way form 0?du?-p b; d; dr, wil now be an 
Einstein form and the coeflicients by, and 0 will be indc- 
pendent of u. . 


$ 158. A particular case examined when n = 2. As 
a particular case we might consider what properties the 
m-way space must have if in the (i--1)-way form which it 
generates, namely pdu? p equ dada, (158.1) 
the coefficients a,;, and the function $ are to be independent 
of u. 

We must have, as the necessary and sufficient conditions, 


A 4 $7 0, 

$ 45 t «M. = 0, 

that is, A4 $7? = 0, 
$ (Atuj +.) = 0. (158.2) 


Now the chief interest of an Einstein space is when its 
dimension is 4. We shall therefore only consider this special 
case when n = 2. We thus have 


(lq Won — 02. 
(1212) = _ AL 22 | LL, 
e 9 2 


that is, '29? NW el. (158.3) 
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The other equations become 
ay K—-$.,=0; $a&,K—$.,—0; pap K~. = 0. « 
(158. 4) 


We wish to find the properties of the two-way form which 
will satisfy these tensor equations. 

The element of length on the corresponding surface we 
take to be given by qg = 9 ,- 9 qu dy, 


We then have (111}+6,=0, (222}+6,=0, 
(112) = {121} = {122} = {221} = 0, 
and K = e'6,,. 
The equations which have to be satisfied will now be 
—8 
Pua tpi = 9; 26,= 6°53 yt OP, = 0; 
267° 6,, = 1. (158.5) 
We should notice that the suffixes in these differential equations 


denote ordinary differentiation, and not tensor derivation 


which would be indicated by the dot before the suffixes. 


By means of the equation 2¢¢,. = e7? wo can eliminate 0 


from the other three equations, and we see that they reduce 
to the two equations 


PP in = Pr (pu -ih 
$9,054 = $1, (Pb. —0;). (158. 6) 


These two equations may be written 


5 
c 
y; (og Piz + log $ —log $,) = 0, 


ð 
<. (log pie + log $ —log ,) = 0. 


fed and RÊ (158.7) 


1 2 


Consequently 


are respectively functions of v only and of u only. 
We do not lose in generality by assuming that 
$139 = $1 = Oe 
and therefore p = F(utv), 
where F” F = F 
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The ground form of the surface is therefore 
ds? = 4 F dudv, (158 .8) 


where F is a function of w+v given by F” F = F”. 
If we take the parameters on the surface 


=UV, Y = uv, 
then ds? = F' (x) (da? + dy’), (158.9) 
and E” (x) F(a) = F (æ). (158.10) 
The surface is thus a particular case of a Liouville surface. 
§ 169. General procedure in looking for a four-way 


stationary Einstein space. In general, when we want a four- 
way Einstein space of the form 


0*du* + b, dx,dx,, i = 1, 2, 3, 
in which the coefficients b;, and 6 are to be independent of u, 
that is, what is called the ‘stationary’ form, we begin with 
the ground form q, dz? +2a,,da,dx,+a,,dx}. (159.1) 
We then find in any way three functions 
£24, Dy = Noas No 
of the parameters x, and x, which satisfy the tonsor equations 
£g = Dory, Doge = Nizo (159.2) 
We define a function $ by the equation 
q 
253 — 
We now let the coefficients a,, and the functions 2,, grow 
with respect to a new variable u in accordance with the laws 


(1212)—N,,2,.+2?,. (159. 3) 


oa; 
i = —262,;,, (169. 4) 
024), a; 
The equation which defines $ will be unaltered, and the 
equations Nae = dau, 2,4 = Rie (159.2) 


will remain true. e e 
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We thus attain the three-way form 
pdu? + a, dx? -p2a,,dv, dx, a, dz2, (159.6) 
in which in general $ and the coefficients a;; will be functions 
of 2,, 2,, and u. 

In the particular case we considered in the last article, 
when the two-way form appertained to a particular class of 
Liouville surface, the function $ and the coefficients a, will 
not involve u. 

But in all cases the three-way space with the form 

p? du? + a, dz; + 24,,dx, dw, +d. da? 
will have the property A, (u) = 0, (159.7) 
(tk) = 0, {itt} = 0, ftt} = 1, (159. 8) 
and therefore 


(2323) = —$a,; (3131) = —}a,,; (3123) = $a; 
a 

(2312) = 0; (3112) = 0; (1212) = oy 
(159.9) 


From this three-way form we can deduce the ground form 
of a stationary four-way space by the rules we have given in 
the general case. 

We should notice that if we begin with the proper Liouville 
surface, the Einstein stationary form at which we arrive 
can be, by a proper choice of the parameters, thrown into 
& form in which all the coefficients will be functions of two 
parameters only. 


§ 160. Conclusions as to curvature. The three-way space 
with the form 
p du? + a, dic? + 2a,,dx, dz, + a,,d23 
is such that, if we regard the surface u = constant as lying in 
it, the product of the reciprocals of what we have called its 
principal radii of curvature is 
nf Dis, (160. 1) 
G1 05 7 01 9 ? 


We must not confuse these racii of curvature with the 
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radii of curvature of the surface u = constant regarded (as it 
may be) as lying in Euclidean space. 

We have in fact the theorem: ‘the product of the reciprocals 
of the principal radii of curvature of the surface, w = constant, 
is equal to K -19^7, (160. 2) 
where K is Gauss's measure of curvature.’ 

Riemann's measure of curvature corresponding to the 
vectors £ and 7 which lie in the tangential Euclidean space 
at any point is (S 141) 


(£n! = fn!) (nt Ero) (PRG) gg gy 


(£n! — éP n') (£^ nil — El nh) (in Lig — ight) 
where the direction cosines of the vectors é and 7 are re- 
spectively £!, £, £, and 1, n’, n°. 

If the vectors é and 5 touch the surface w = constant, this 
becomes 467°. If their plane contains the normal to the 
surface it becomes —} 67%. . 

In the particular case when we start with the proper 
Liouville surface these are respectively A and — K, where K 
is Gauss's measure of curvature. 


CHAPTER XIII 
n-WAY SPACE OF CONSTANT CURVATURE 


$ 161. Ground form for a space of zero Riemann curvature. 
We shall now consider the simplest form in which the ground 
form of a space may be expressed in which Riemann's 
incasure of curvature is zero every where and for all orientations. 

1 h f WA -— 

For such a space [rpg == 0 (161.1) 


for all values of the integers. 
Consider the system of differential equations 


Peng = 0. (161. 2) 
We have Pe ngr =% Ppr = % 
and therefore (Ta — qr) p, = 0, 
that is, (phrqi p= 0. (161.3) 


A system of equations with the property that no equation 
of lower order can be dedueed from them by the processes of 
algebra and of the differentia] calculus is said to be ‘complete’. 

The necessary and sufficient conditions that the system of 
differential equations $. g = 0 way be complete is then 

Spira) = 0, (161.1) 
that is, that Riemann’s measure of curvature is everywhere 
Zero. 

If u and v are any two integrals of the complete system 


$. oy = 0, , 


FA (wu, v) = ra" Up 


À ^ 
= ou way a UV. yr 
= 0, (161.4) 
a e . g e e e 
and therefore, since A(u,v) is an invariant, it is a mere 
constant. 
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If, then, we take any « independent integrals of the equation 
system Peng = 0 (161.2) 


as our new variables, the ground form will take such a form 
that each a; is a mere constant. 
The ground form can therefore be so chosen as to have the 


Euclidean form dad. tde. (161.5) 


$ 162. Ground form for a space of constant curvature for 
all orientations. We next consider the ground form which 
corresponds to a space for which Riemann’s measure of 
curvature is the same constant for all orientations. 


We have (vp p) = K (o, ,,, — Op ey)» 
and therefore (Atyp) = K (d, €, — arp €). (162.1) 
If, then, t +p and £x y, 
we have ‘Atup} = 0, (162.2) 
and (Apup; = Ku, l (162.3) 


if p is not equal to p. Here the repeated integer p is not to 
have the usual implication of summation. 
Consider now the system of equations 


w gt Ku, gu = 0. (162.4) 


We see that the ni is complete: for 


pqr TÉ, = 0, 
"T NU 
and therefore {ptrq} Up t+ K (a, Ur Cyr Ug) = 0, 


and for a space such as we are considering this is a mere 
identity and not a differential equation of the first order. 
The system is therefore complete. 
Now let u be any integral of the complete system (162. 4). 
We have FA (u) = Faw, Wy, 
a by Wy FOU, We yp 
—a" Ka, uw, — a Ka, uw, 
- K (uu, 4 wu,), 


1 


i 


| 
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and therefore Aut Ku (162.5) 
is a mere constant. 

As u does not satisfy any equation of the first order, being 
defined as any solution of the complete system, we can choose 
w so that A(w)+ Ku? is equal to zero at the origin, and 
therefore zero every where. 


Let KX --— Re (162.6) 
1 
We now have A (log u) = Re 


Take now as new variables 
y = Blogu, Yy, Yas 
where A (Yo Yy) =0, k=2, n 
The ground form will take the forin 


dei + Upd da, , i = 2,...1. 


. (d uH 
and, since Leng = RT > 
ry 
and Ue KY 
we have Uki! CE = 9; 
7 K ? 
that is (ikl) + “ik — 9 
, v R — M) 
? log «;,.) 2 
or - OQ (de) = — 
dua 8 ti) — 
2414 
It follows that du, =e bi, (162.7) 


where bip is a function of tg... &p„ only. 
As regards the form by dada, 


p = 2,... My 
we see that, since 


2234 


(rkih), =e” (rkih), + (i1) (rh1) — {hk1} (ril) 


22] 


< a Alt], 
= € KA (thy, + rh e ER ri Ii: 
e 


0843 H h 
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App, Uy — Oo eg Uy), 
and since (162.1) (rkih), = et 


wo must have (rkih), = 0. (162.8) 


It follows that the ground form of a space of constant 
negative curvature may be taken as 
24i 


da +e” (das +... +d). (162.9) 


By the substitution 
y =e Ë, Rya = Xy,... Ry, = Ep, 
the form may be written 


R? 


z; (dxi + dai +... + dar). (162. 10) 
1 


The corresponding form for a space of constant positive 
curvature may be taken as 
R? l 
ps (dæi + des +... da). (162.11) 
1 
§ 163. Different forms for these spaces. We may find 


other forms for these spaces. 
Taking the case of positive curvature, instead of choosing w 


so that A (u)+ Ku? = 0, 
we may choose u so that 
| 1-4? 
Let u = cos! 
COS p, 
then A (34) — 1, 
and the ground form may be taken 
dx} +a,,dejda,, | = 2,... m. (163.2) 


Since UW +a w 0 
"pa" “pa R27 ^ 


we now have (th 1) + "ik cot F = 0, 


DIFFERENT FORMS FOR THE SPACES 235 


and therefore (y = sin? =! R l bir (163 3) 
where b; depends on a, ... «&,, only. 
We have 


(rkih), = siu? » (rkih), + {ik 1} (rh1) — {hk1} (121), 


and therefore 
yy pg Oey. 


R it: i 


b, Drk — h, nom 
R? 


Q dO, 0,0 
UPTAKE ih ki — sin” ne kih), + cot? — 


^ 


that is, (rdi), = 
The ground form may therefore be written 
. QC 
dx? +sin” n by dajdey,, (163. 4) 


where byde dæ, is a ground form in z, ... &,, only, with the 
same constant positive measure of curvature. 

It at onco follows that the ground form for a space of 
constant positive eurvature may be written 


dæ? 4 sin? ji Und sin? psit Y dæ +. 


or perhaps better as 
R? (dx? + sin? æ de? + sin® a, sin?a,duw3 +...) (163.5) 
A form obviously equivalent would be | 
R? (de? + cos? a, da? + cos? a cos? a, da? +...). (163.6) 
The latter form when applied to a space of eonstant negative 
curvature would become 
— R’ (dx? + cos? x, da? + eos* x, eos? adag +...) (163.7) 
and this may be written . 
R? (da + cosh? e, dæ? + eosh*z, cosh? x, dæ? 4-...). (163.8) 
The surface x, = constant, that is, the (2, — 1)-way space 
Ly +. Lys regarded as a locus in the 2-way space of constant 
curvature given by the form 


oi 
doi + sin? p day + ..., (163.9) 
e 
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has all its principal radii of curvature equal to 


Mp 
— Hi tan PR’ 


and any line on the surface is a line of principal curvature, 


$164. Geodesic geometry for a space of curvature +1. 

We shall now consider the geodesic geometry of a space 

whose curvature is positive unity: that is, the space corre- 
sponding to the form 

(ds? = dx? + sin? x de? +sin? æ sin? æ, dæ? +... (164.1) 

We shall first find the equation which a path must satisfy 


if it is to be stationary with respect to variation of the 
coordinate w,. 


o. de; 
If we write 4; for qj. We must have 
«cs 


d 


^ . . , 29 a 9 0 a . 
q ti = sin a eos 2, (45 +sin ae? t ...); 


and therefore, since 


1 = Zi + sin? æ t? +sin? a, sin?.c 43 - ..., 


wo have d, = cota, (1 — d). (164. 2) 
b. 
It follows that " sina, ($2 —1) = 0, 
ds 
and therefore COS wy = COS o COS (s + €,), (164. 3) 


where a, and e, are constants, and sis the arc measured from 
some point on the path. 
It follows that 


sin’ a, 


——— m = 4$-sim*w4,d$-... (164.4 
(1 — cos? a, cos* (s + €11)^ vhs ) 


, tan (s +e 
Let s = tant! — 1) 
sino, 
then we have ds? = de? + sin? ada, +.. (164.5) 


Here s, is the are in, an (1—1)-way space of curvature 
positive unity, and if & is to be stationary for variation of z, 
then s, must also be stationary. 
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Proceeding thus we see that the equations which define 
a geodesic are COS £, = COSA, cos (s + €,), 
COS (P, = COS 0t, COS(s, + €), ..., COS Cp] = COB Ap -1 COS (8,6 + En_1)s 
Ta = 8p-1 T Ens 
sina, tans, = tan(s+e,), sina, tans, = tan (s +€,),..., 
sina, ,tans, , = tan(s, , 4 e, y). (164. 6) 
If we take 
é,=reosa,, é, =rsina,cosx,, é, = rsing,sinz, Cos Ty, 
Ên = TSIN Œ... SIN Lpy COS Fh, Egg, = T SIN d... SIN d, , SIN d,, 
we see that EHE t+... tÉ = 7", 
and we easily verify that 
2 2 — 42 2 2 3n? p 2 
dLE? d £3. EZ, = dr? +r? (do sin? dui + ...). 
(164 . 7) 


The n-way space of curvature positive unity is then the 
section of an (n--1)-way Euclidean space by a sphere of 
radius unity. 


$165. Geodesics as circles. We shall now prove that 
. . e e . . . "~ . 
every geodesic is a circle of unit radius in ordinary Euclidean 
spaee of three dimensions, but generally two geodesies will 
not lie in the same Euclidean three-fold. 
We have for a geodesic 
sing, COS s, = sin &,.cos(s,.,+¢€,), sinw,sins, = sin (s, ,- e,), 
and therefore 
Sin 2,6082,,, = A,coss,_,+B,sins,_, 
= a, Cos (s, ,--e,) +5, sin (8,_, +€,), (165.1) 
where A,, D,, a,, b, are some constants. 
It follows that 
sin ©, SiN 2,,, COS Lp4y 
= sina,(A,,,coss,.+B8,,,81n 8,) 
= Å, Sin a, cos (8,., + e,) Y D, ,, sin (sj, + Er), 
and therefore 
b, cos a, Sin 2, sin py COS 2, 49 — D, eos x, sin x, COS 2,, 4 


= (B,4,0,—sin &,b, App) cosa. (105.2) 
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We thus have a linear relation between the three coordinates 
£5 Eoo Erte: 

By a linear transformation in the (2-4-1)-way Euclidean 
space £,...£4,4,, we ean take it that the first such relation is 
é = 0, and that E tÉ ++. tE = 1. 

Proceeding thus with respect to any one geodesic we can 
take it that the equations which define it are 


g, = 0, £, = 0, eee Eni = 0, 


. T T "T 
that is, My yr y= yr re Unig y" 


It is therefore just a circle in the space given by 


ds? = d£? + dé, (165.3) 
and its equation is E +E =l, (165.4) 
with é&=0, £j—0, ... p- = 0. 


$ 166. Geodesic distance between two points. We shall 
now find an expression for the geodesic distahce between any 
two points in the n-way space whose measure of curvature is 
positive unity. 

Let the two points whose coordinates are 

4i... 0, and Y,...Yn 

be denoted by x: and y, and consider the geodesic which joins 
the two points. Let s, $,, ...8,_, be the ares which correspond 
to x, and 8’, s',, ... 8’,_, the ares which correspond to y. 

We have 

in e i a ` i J » . . . , 

COS 4, COS Y} + Sin 2^ sin Y} COS 8, COS 8^, + sin & Sin y, Sins, sin s% 

= cos? x, cos (8 + €,) cos (s' + e) +sin? x, cos (s + €,) cos (s' + €,) 

. . / 
+ sin (8 + €,) sin (s + €,), 

and therefore 

cos (s' — s) = cos x, cos y +sin g sin 3, Cos (s’;—8,). (166.1) 

Similarly we see that 

4 — : ^» cd « / A 

cos (8’, — s1) = COS X, COS Y, + SIN d, sin Y, COS (8'9—8) (166. 2) 


. 
e 


, 
cos (s n—2 — 83.9) t 
— e n ye 3 
= €082,., COS Yq_1 + SIN Ba- SIN Yp -q COS (8 4-1 — 8n—1)> 
Sn 8.7 ly (166 . 3) 


S _ — 8, H ' 
m-1 n-i vn 
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It follows that, denoting the geodesic distance between the 
points z and y by (xy), 
cos (£y) = cosa, eos y, + sin v, sin jj, COS 2, COS Yy 
T sin a sin y, sin c, sin Y, COS Ly C08 Yy +... 
+sin æ sin y; sin z, sin Y, ... Sin 2£,,.., Sin 4/4.., COS (44 — Yn). 
(166 . 4) 
This is the formula which is fundamental in the metrical 
geometry of n-way space of curvature positive unity. 


$ 167. Coordinates analogous to polar coordinates, We 
can now employ a system of coordinates, to express geo- 
metrically the position of any point in our space, which will 
be analogous to the use of polar coordinates in ordinary 
Euclidean space. 

We take any point in the space as origin, that is, the point 
from which we are to measure w,, the geodesic distance from 
the origin. 

It will be convenient to denote this distance by tan^!r, so 
that r = tana. (167.1) 


Let us now consider the system of geodesics which pass 
through this origin. For any one of these geodesics z,, ... x, 
are fixed, and we may therefore regard .,, ...&, as the co- 
ordinates which define the geodesic, and thus regard v, z, ...x 
as the polar eoordinates of a point in our space. 

The geodesics through the origin cut the surface r = con- 
stant in an (1 —1)-way space of positive curvature 1 +772, 

In particular the surface p = infinity (167.2) 


n 


is an (5— 1)-way space of curvature positive unity, and the 
coordinates of any point in this space define a geodesic through 
the origin. 

The geodesic distance between two points at small distances 
x, and y; from the origin is given by 
COS (Z| 7/,) = COS w, cos y, 

+ sin 4 Bin Y, (cos z, COS Yg + sin g SIN Y, COS La COS Yy + ...), 

and therefore 


o a2 1 2 
1— i (2,34)* = ] — 3 -4 + d'y (cas Wo COS Ya + e). 
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But, if 6 is the angle between the geodesics through these 
points and the origin, 


od 2 — p2 9 m ‘ 
It follows that 
cos Ô = cos æ, cos y, + sin æ, sin y, COS 8 COS 4/4 - ..., (167.3) 


that is, the angle between the two geodesics is the geodesic 
distance between the points where the geodesics intersect the 
surface r = infinity. 

The geodesic distance between any two points is therefore 
the geodesic distance between two points, on a sphere of unit 
radius, whose polar distances from a point on that sphere are 
2, and y,, and the difference of whose longitudes is the angle 
which the geodesics through the points cut out on the surface 
r= infinity. 


$168. The three-way space of curvature +1. We now 
limit ourselves to the case where « = 3, that is, the three-way 
space of curvature positive unity. l'or this space æ, is the 
geodesic distance from the origin; and zc, and w, may be 
taken as the polar coordinates of the point—on the two-way 


- T 
surface of positive curvature unity, «= z ~ Where the 


geodesic, through the point 2,, a,, 7, and the origin, inter- 
sects the surface. 
We may without loss of generality suppose that a, lies 


between 0 and H x, between 0 and zr, and a, between 0 and 


2m. In the surrounding four-way Euclidean space £, will 
then always be positive. 

Through two points in our space one, and only one, geodesic 
can be drawn, unless the two points lie on the same geodesic 
through the origin, and are the two points where that 

. . T 
geodesic intersects the surface x, = 2 

Through three points in the space we can in general draw 

one, and only one, two-way locus of positive curvature unity. 
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We see this by noticing that three points (2, £a, 23), (Yis Yos Ya) 
and (2,, Zg, 2,) determine the plane 


réi toé tUg + Gd, = 0 
in the surrounding Euclidean space. The exceptional case 
would be when the three points lie on the same geodesic. 
By a linear transformation, in the Euclidean four-way 
space, we may take the plane to be £j = 0 and the locus of 
the points of intersection with tho sphere to be given by 


fo +E, té = 1. 


There will then be a corresponding set of coordinates 
2. m. 
Zis ly, w, Such that the locus is given by c, = , in the new 


coordinate system. 

It will be convenient to call any two-way locus of curvature 
positive unity a plane, though we should remember that it is 
only properly a plane in the Euclidean four-fold. Similarly 
we shall call any geodesic a line. 

Plane geometry in our space is therefore just spherical 
trigonometry. 


$ 169. The geometry of the space. We may now introduce 
a different system of coordinates in order to bring out the 
relationship between the geometry of space of curvature 
positive unity and that of ordinary Euclidean space. 


Let w = tani, sin as, cosu’., 
y = tan vy Sin Lysin Cy, 2 = tanw,cose,. (169.1) 
In this system of coordinates the geodesic distance between 
two points (x, y, 2) and (4, y’, 2’) will be 
gol e EN te Gag y] 
(1 +r?) (1 -+ DE 
where 1? — arty? to 
The square of the element of length will be given by 
ds? = (134 02)7! (da? 4 dy? 4- dz? —(& i 2°) 2a") ;. (169.3) 


but in this geometry, as in Euclidean geometry, having the 
2843 Ii 
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expression for the actual distance between any two points, we 
do not need to make so much uso of the expression for the 
element of length. 
The equation of any plane is 
Ac-duydvztÓ- 0. 


Now a plano, we know, is a two-way surface of curvature 
positive unity. Let x,, Yp 2, be the coordinates of its centre, 


that is, the point at a geodesic distance 2 from every point 
of it. 
We then have we, + yy,+22,+1 = 0, (169.4) 


and therefore | óz, =À, óy,— gu, 982, =». 


The angle between two planes is, as in spherical trigonometry, 
the supplement of the angle—that is, the geodesic distance— 


between their centres. 
The cosine of the angle between the two planes 


AZ ui y zT Ó, = 0, 
Ay ust ru +6, = 0 


is therefore — MAStgtrwu OA, 00 
(A? + py ty? +67) (AS + u3 tv3 t8) 





- (169 5) 








The equation of a plane, given in terms of the coordinates 
of its centre, is aV d yy, T 52, +1 = 0. (169. 4) 
The condition that the plane passes through the origin, that 
is, the point where æ, y, and 2 are each zero, is that its centre 
should lie on the plane whose centre is the origin. 

The equation of a line is given as the intersection of two 


planes LL, + YY, + 2, 4 1 = 0, 
IL + YYo 22, + 1 = 0. 
In connexion with this line we consider the line joining the 
points (2, Yı, 21) and (45, Yz» 2;). 
The plane whose centre is A may be called the polar plane 
of A. We see that if B'lies on the polar plane of A, then A 


lies on the polar plane of R, 


THE GEOMETRY OF THE SPACE 243 


We now see that if (z,, Yi, 2,) and (£, Yz, 2,) are any two 
points on a line, then every other point on the line is given by 
oo Prit ga, y — 44 ur z= LA ur iz) (169 . 6) 
ptq pr pry 
where p:q is an arbitrary parameter. 
The line given as the intersection of the planes 
QU, + YY, tez tl = 0, 
LL HYY +z +l = 0 
stands therefore to the line joining (2,, y,, 2,) and (x5, 9s, Za) 
in the relationship, that the distance between any point on 
the one line and any point on the other line is 3 The lines 


which are in this relationship will be called polar lines. 
We now wish to consider two lines, viz. the line given by 
LL, T gy Tcu d, 
QU. t YY, t 224 1 = 0, 
and the line given by 
WH, HYY d 2244-1 = 0, 
aa t y. dT S2,4 1 = 0. 
If these lines intersect, the four points 
(ee (Quee) Cedex Cove?) 
lie on a plane, and we thus see that if two lines intersect their 
polar lines also intersect, and the plane on which they lie is 
the polar plane of the point of intersection. 


$170. Formulae for lines in the space, and an invariant. 
Just as in Euclidean geometry, a line has six coordinates. 
We defino these coordinates 
CSM, MEY Yo NEn À E YM Y 
Bom ala ato y E YS 4e (170. 1) 
The six coordinates are those of the line joining the points 
(24,94, 21) and (x,, Yz, 2,), and they are connected by the relation 
(A Em t vy = 0. (170.2) 
We easily see that if 2, m, m, A, AR) are the coordinates of 
a line, the coordinates of its polar line are À, p, v, l, m, n. 
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If (12) denotes the geodesie distance between the points 
(2 , Yi» 2i) and (Ly, Yas Zo) 





1+8,, 
cos (12) = ——,-#2__,, 
(1+5,)? (1+8,)* 
(0o Qs)üs) D 


(* m? 4 n? AT a? y? 


and therefore sin?(12) = 
(1 T8) (1 + so) 


(170.3) 


Consider the expression 


U mm dw! AM + py! 4 vy 
(PEMË H EAT + gu?  y?)* 7 pn 4? AT + uh py) 


where (l, m, n, X, p, v) and (V, m’, n’, A, ul, v’) are the co- 
ordinates of the lines which respectively join the points 1 and 
2, and the points 3 and 4. 

It is easily verified that the numerator of the expression is 


(1 +813) (1 +824) — (1 +84) (1 + Sys) 
and the denominator is 
V (1 +s) (1+8,) (1 +8,) (1 +8,) sin (12) sin (34). 
The expression is therefore equal to 


cos (13) ¢ cos (24) — cos (14) cos (23) 


sin (12) sin (34) (170. 4) 


and this is clearly an invariant. 

Suppose now that the points 1 and 3 coincide. The ex- 
pression becomes eog cos (24) — cos (14) cos (12) 170.5 

sin (12) sin (14) |j (170. 5) 

and we:see that this is the cosine of the angle between the 
lines 12 and 14. 

Suppose next that the*line 13 is perpendicular to the lines 
12 and 34. 
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Clearly, from the formula 
cos (24) = cos (14) cos (12) (170.6) 


when the lines 12 and 14 are perpendieular, the line 13 will 
be the shortest distance between the lines 12 and 34. 

The planes 132 and 134 will be the planes through the 
shortest distance and the lines 12 and 34. 

We may, to interpret the expression 


Ll’ + ana! pnm! AX + ug + vv" 


since we have seen that it is an invariant, take the points 
1, 2, 3, 4 to be 

0,0.0; 2,,0,0; 0,0, 2,5 Zis Yy 24; 
a^ 


it now becomes a 
Vai +y? V1 +z? 





The equations of the planes 132 and 134 become respectively 
The angle between these planes is 


aX 
cos7!.. “4. 
Væ? +y? 


The shortest distance between the lines is 


cos“! —— 
VETTE 
and therefore the invariant expression is equal to the product 
of the cosine of the shortest distance between the lines into 
the cosine of the angle between the two planes drawn through 
the shortest distance and the two given lines. 

The invariant vanishes if the lines are polar lines. It also 
vanishes if the planes through the shortest distance and the 
two lines are perpendicular. 

If the lines are not polar lines and if the invariant vanishes, 
we see that the polar line of 12 intersects 34 aud the polar 
line of 34 intersects 12. 
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§ 171. Volume in the space. The expression for the element 
of volume in a space of three dimensions and with the 
measure of curvature positive and equal to unity is 

sin? œ sin z, das dx, das, (171.1) 


returning to the original notation of $ 168. 

The volume enclosed by an area of any plane—that is, 
a two-way surface of curvature positive unity— and the lines 
joining the origin to the perimeter of the arca is 


A — sin 2 cos x,) sin a, de, dx, (171.2) 


where z, is the geodesic distance from the origin to a point 
within the perimeter. 
If the plane is at a geodesic distance p from the origin we 


can use the equation tan p = tan a, cos c, 


and express the above integral in the form 


| (p—tan p.a, cot æ) dirs, (171.3) 


where x, is now the geodesic distance to a point on the peri- 
meter from the origin. 

If we take r to be the geodesic distance of a point on the 
perimeter from the foot of the perpendicular, and take æ, to bo 
the corresponding longitude 0 in the plane, the above formula 


becomes 
tan » cos p eos r cos! (eos » GOS” 
à [(o- RM (cos 7 as. (171. 4) 
~ 1— eos? p cos* r 


If the foot of the perpendicular lies within the area, this 
formula givés us for the volumo tlie expression 


: -1 

. SIN) GOS 7° GOS COS V COS Y 

pr — | ARON sos! (cos p cos r) dé, (171 » 5) 
S — COS* ) COs* 7 





where the integral is to be taken round the perimeter. 

We notico that in space of curvature positive unity when s, 
the variable in the equation of a geodesic, increases by 27, 
then 8,, $, ... also increase by 27, and therefore the coordi- 
nates X, ... 2, all increase by 27. «We thus, in proceeding along 
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a geodesic, conic back to the point we started from. We cannot 
have any two points at a greater distance from one another 
than 7. 


$172. An n-way space of constant curvature as a section 
of an extended Einstein space. We now wish to consider 
the n-way space of constant curvature as a scetion of an 
(uw 4- 1)- way surrounding space. 

We take the (n + 1)-way space ground form to be 


Q^ du? + Dip deda, L = 1... Vb, (172 . 1) 
where big = a, when u = 0. 
We have ($ 146) 
(rhhi), = (rh ‘a + 22, ; Qin — £2, fi, 


(rhh-), = (2,4. Brrr) 


o Ap gs 
(7h), = h (5, D,,— Porn) ta PQ, Drs 
d biy 
Ott 


Extending the definition of an Einstein space, we shall now 
say that a space is an Einstein space if 
b^ (rhih) = cb, (172.3) 


= — 2i. (172.2) 


where c is a constant. 


We have 
(B.J = 0b (.,; 


(Br) = Ob (2,5, Rrrr) 
(B, = (Aia ta^ l URLI m £2 nfin) 


ð 
o 


£2, i) —a" a e. i; 


ape? 


ò 
+P (uio gg ui) e 0,0, (172.4) 


If the surrounding (n+ 1)-way space is to be Einstein 
space according to the new definition,* we must have 


. >) 
dD —— —1 c ) Age 
e = a! ($.,:— 2 Pei) CID, Riu 
— hl, 
0 — «^ (2 2i), 


* (Called in § 18 3n extended Einstein space. | 
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CU = Au «Fh (£2, Dg — Prr Rir) 
E ò £2 M f) A 
+ p $. ri T du rap rA" Aig: 
That is, if Vi za", (172.5) 
À A 
where Din = Rii = Ara Va = a Vay 


. 9 
we must have c= $7! (4, ($) —a"! — 2,;)] V^ V^, (172.6) 
: du HA 


rÀ EH 
Vy, V, (172.7) 
e ð À tarà 


and therefore 
; — ki An 
CO ud = Ata 2,i 2,1, — 20 2,22; , 


- n A (q^ 
+o (paista V +20,,V,) r) 


9 AN 
= Aic Qi; V+ $^ (priti du V) ` 
Multiplying by «'? and summing, 
) ; _ Ò ay) 
ce; = AL + VV +o '(¢"— zv). (172.8) 
We also have 
an ~ à D À À 
c= d (A) Ve29 Vi VI) -ViVE 


That is, we have 


Ó 

s Vn = Ont (Ait VV ceh), 
9 

vu V = A, (p) + $ V5 Vi—cg, 
VAL = V. 


We may replace the equation 
ð 
3; V= Alp) à V; V- ceo 


by A 4 V2 y^ y^ = (m — 1) c. 


H” Aŝ 
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The equations therefore become 


A Vt- VAY, = (n— 1)c, (172.9) 

Vey Vs (172.10) 

S V* = pato (Ait VV} — cen), (172.11) 
Alir 

32 = —2$ugV;. (172.12) 


We may easily verify that the results which we have 
proved for the case c — O still hold in this more general 
Einstein space. 

The special conditions that the coefficients b;; and the 
function $ may be independent of w become 

A=(n—1)c, PAL+G) = che}, 
that is, $ (Attu]-Fd.xu — chadan, Ap =cp. (172.13) 

Now let us assume that the n-way space is of constant 

curvature A. We have 
(Altu) = (1— n) Karn. 

If we choose K so that Ku = —c, the conditions that the 
surrounding Einstein space may satisfy the required conditions 
become $ ant Karup = 0, 

A, (¢)+Kiugd = 0. 
The second condition is a consequence of the first set, and we 
see that all that we need is that the system 

h-aun d Karup = 0 (172.14) 
inay be complete. 

We know it is, and thus we may take $ = cos z,, and the 
space given by 

ds? = cos? c, du? + Jt? (dæ? t sin*a,dz2 +...) (172.15) 
will be an Einstein space of the kind required. 

If the space is of constant negative curvature we should see 
that regarded as a locus in (n--1)-way Euclidean space it 
would be an imaginary scction. 

The expression for the geodesic distance in space of negative 
curvature unity is given by 
cosh s + sinh a, sinh y, + cosh a, cosh y, sinh zg sinh y, +. 

T sinh 2, ... sinh z, 4, sinh 9X, .. . sinh Yng cosh 2,., cosh y Un-1 

= cosh z ... cosh a; geosh. y. . cosh y, ., cosh (En — n): 
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n-WAY SPACE AS A LOCUS IN (1+1)-WAY SPACE 


$ 173. A space by which any n-way space may be sur- 
rounded. We now consider again the ground form of an 
(^F 1)-way space du? + bi. dedo; which, when we put u = 0, 
becomes a; dz;dau,. 
We have, by the formulae of $ 146, 
UK], = i ikh a {ike}, = Nir; (oki, = —aM Ny, 
(rkih)y = (ril), + 2 Qi T £21, fh, 
(rk *)y = Righ 


iti» 
0. 4 
tee — ; H 
(? eù ) = uL + £2, Din, 
obs. 


0z.- 2415. 
Qu + 282i 


We shall prove that we may surround any away space 
with a space for which 


(rbi) m0; (rb), = 0. (173.1) 


0, 
Let Ni, — » , 


n 9,0 
then an Pin = AE ^ £2,4— (rht j 2, fikt) Ny) 


t 


o A . . . 
= T £2,;— (rt) £2,; — Likt) £(2,, 


n à. 
—(, s {rkt} — 2), m fikt} 


€ 


. Ó 2 
= d ) f ) af) . 
rk c^t u [ rk) — £2,, sg URL. 
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Now we have seen that 


ò 
FPE (rkl) = ata, Vias Viso Via 


— gtd fA tA 
= al Qype — 0 Qui 7T VANS 


= —uP^ f, 
and therefore 
ua = ——a^ FD. y € Dy 1 Diy, 
+ WD Dx HAR, Rags 
that is, 5-0, = a (£2, i Rrr Rink) 


= 0. (173.2) 


Thus we see that the relations 2,,., = Rip persist when 
a, and S2; grow in accordance with the laws 


Nir 


»uü Ta Qu, (173.3) 


od; J^ c 
5 +22), = (173.4) 
We can therefore surronnd the n-way space with a space 


for which (rki-)y = 9; (rei) = 0. 


$ 174. Curvature properties of this surrounding space. 
We will now consider what properties such a surrounding 
space would have as regards curvature. 

Consider the ground form of the surrounding space, which 
we denote by the suffix b, (24 bu dac; dus. 


Let = £o. EP EŻ, 
Hane +...t 9", +92 


be two vectors of lengths |£| 
which lie in the tangential (m+ 1)-fold and therefore in 
Euclidean space. 

Let E = g'2,+...4+€"2,, 


n ze... +N” 








be two corresponding vectors of lengths || and | 7 | inclined 
at an angle 0 and lying in ġhe tangential n-fold. 
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We have lE |? = apl éN, 
|n |? = ag mnl 
[Ell [eos 0 = ay €'n*, 
4 |£ [^in |? sin? 0 = (£n? — EPn’) (£1 — ETNE) (air dng — 455.) 
The measure of curvature A, according to Riemann, which 
corresponds to the orientation given by the vectors £ and 7, 
satisfies the equation 


4 sin? 0 |£ |? |n |* Ka = (£n? — EP n°) (£^ wt — £t) (ipkq)a. 
Now consider the vectors £, when w = 0. 
£z |£l*-£, ál =| 0-9, 
4 JÉ [è] [2 sinë 0” 
= 4| ë|? |n |7 sin? 0 +4 (£5 — én’) (E44 — En") ayy 
= 4 (£2 | j2sin? 0 + £1 test £12284 léin [008 8). 
We therefore have 
4Ky(\€1? | nj sin? 6+ £m + 9? £i*—2£9 é| |n | cos 0) 
= (£'n? — £n) (Ent — £15) (ipkq)y, 
since (lipk), = 0, (i-k) = 0. 
But (pha) = (ipkq)a + £2; Ppr — Rir pg 
and therefore 
4K, (é 219 | sin? 0+ 2] 9 [2+ 9216? 2E |i] 7 l cos 8) 
= 4K,l£i?|n|*sin?* 0 
t (£n? — EPn’) (£n — £^) (Rig Rpr — Rir Rpg) (174.1) 
Here K, is the Riemann curvature in the (n + 1)-way space 
corresponding to the orientation of the vectors ¢+ £2 and 


7-752; and K, is the Riemann curvature in the n-way space 
corresponding to the vectors ¢ and 7. 


$175. We may express the result in yet another form. 
Consider the ground form c.2;,da,da,, where c is a constant 
introduced to keep the dimensions right, and let a vector ( 
be defined by the equations Ci ef; = 0. 
The vector ¢ will then trace out in some Euclidean r-fold an 


N-Way space d ... Lp. . 


CURVATURE IN TIIE PARTICULAR SURROUNDING SPACE 253 


In this space let us consider two vectors é and £j of lengths 
|€| and | | inclined at an angle 6’, where 
é = EG + "tt t E^ Qu 


R= ten. 
We have 


4sin? 0 |£j* | |? 
= ¢* (£ n? — £n!) (£^ n! ~~ En") (Qj, Dig ~ £2; £2), 
and therefore 
i£ |l | 7) |^ sin? 0 (kj, — Ka) t | dE | 7 ? sin? ' c7? 
£KVIPegEPT 2E) ELI 7/008 6) = 0. 
(175.1) 
We see that the curvature of this (n--1)-way space which 
surrounds the given n-way space depends, then, on the know- 
ledge of the ground form f2,,dz;dz, with the property that 
£2 1 = £2, i 





$176. A condition that the surrounding space may be 
Euclidean. We now ask whether the surrounding space can 


be Euclidean ? 


If it is Euclidean we must have 


(rkih) + 2 7 d — 2,25). = 0, 


£2. = usu, 
M24, 
x +a Qua 2; , = 0, 
dbr, 


+422, = 0. 
dU + 22, 0 


We have seen in $ 173 that, if when w = 0 the equations 
Nei — Neri . (176. 1) 


hold, they will persist for any value of u whilst 2, and a;; 
grow in aceordanee with the laws 


dlik 
‘Sy 1224-9 (176.2) 
Qe. f 
SU AAEN Ryu = 0. (176.3) 
Ld 
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We shall now prove that if these oquations hold, then, if 
(hth) + 42,442; qd Lu —0 (176. 4) 


holds when u = 0, it also will persist when u has any value. 
The expression 


; 
5; (riil) + (rti) £2,,— {htih} N 


re 


is a tensor component: when we refer to the geodesic coordi- 
nates of any given point we shall find that it vanishes at that 
given point and therefure vanishes identically. 

So referred, 


© (vil) = wi (Say (ril) — x (M) 


— of ri ò id o? £2, d? fui 











E 04) Oy, OX, OW dt OU; ON], DL 00, 
dL, 
Now 32-4 pti (rhet D+ {ikti Nais 
k 
dN 


S = Nie, + irL Qu Ert D; 
; 


and therefore 


2 (rkih) = se (Ue) 2,4— {irl} Ryo) 
_ s (Akt) Ra — AE Nya) 
= Qu tihi thi, (176 . 5) 
which proves the required formula. 
Again 
(£2, 2; — (2, (2,1) = 12,0" Dy) Qj, + Dy OK A Diy 
-OAN p Dy Rur a Du, Dy, 
= Nya” (2,4, — (2,4 (2, i) 
497 (0,1, Rik Rhy) 
a- Dw (raih) + R, a` (kuhi) 
mu ruth] — (2 EA). 
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It follows that 
o , 
du ((rkih) + £24 Pin — 2,4) = 0; 
that is, the equations 
(rkih) + 2,4 — R irr = 0, (176.6) 


if true when w = 0, will always be true. 


The condition that an n-way space may be contained in 

a Euclidean (n + 1)-way space is that the equations 
£24. 1 = Qing: (176.7) 
(rth) = yu 2/2 9, (176.8) 


may be consistent. 


$177. Procedure for applying the condition when n > 2. 
There is now au essential distinction between the ease n = 2 
and the case n > 2. 

A two-way space is always contained in a Euclidean space 
of three dimensions, and we have considered the problems 
associated with this case. 

If n > 2 we can uniquely determine the functions £f2;; in 
terms of the four-index symbols of Christoffel, by aid of the 
equations (rkih) = 2,,,5,— Rp Ra 


alone. If n > 3 we even have relations between the four- 
index symbols from the consistency of these equations. It is 
a problem of algebra merely to determine the functions Qy,, 
and the functions so determined arc tensor components. 

If the surrounding space is to be Euclidean, the functions so 
determined must satisfy the equations 2,;., = R reg We 
can therefore, when we are given the ground form «;,4;da, 
determine, by algebraic work merely, whether the space to 
which the ground forin refers is or is not contained within 
a Euclidean (44-1) -way space. The actual work would, 
however, be laborious. 


$178. The n-way space as a surface in the Euclidean 
space when this exists. Suppose, how, that we are given the 


ground form u,,dx,de,, and that we have found that the space 
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to which it refers is contained in a Euclidean (n-F1)-way 
space and have calculated the functions f2,,: we may ask, 
what is the surface in Euclidean space which is the given 
N-way space? 

Let z be the vector in the Euclidean (n+1)-way space 
which traces out the given n-way space. We know from our 
earlier work that 2.;, is normal to each element of the space 
drawn through the extremity of z. Now there is only one 
such vector in the Euclidean (n+ 1)-fold. Let A be the unit 
vector which is normal to the surface. Then 


Sag = UA (178.1) 
where ww; is some scalar. 
We have Zorik = WAS Wi RAs 
Serhi = Wh A E Wk iA, 
and therefore, since 
ki—ik = ‘tpik; (1) — iqtik, (t), 
where p is an upper integer and q a lower integer, we have 
— (71th) 2, = Wrk acu AM (wu —W,)A. (178.2) 
Multiplying by A, and taking the scalar product, and noting 


that AA, = 0, we have We p = Weg 


We also have 3,53.) —2. pi = (rkhi), 
ne e — 
and therefore Wp UC m Wyn = (kh). 
It follows that Wip dfi, (178.3) 
and we have Zag dA. (178.4) 
We also have rk] z, = 2,,rA;-2,;A,, (178.5) 


so that when we know A we can find z by quadrature and 
thus determing the surface save for a translation. 


§ 179. We have now to show how to determine X. 
AZ, = 0, 


and therefore À,2,-FAÀZ 0. 


L Pe. — 


It follows that Air = ÀzZ = f. 
~ V5 æ 


‘pq 7 
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From the equation 
{ rtok } ap = Nepi AL, (179 . 1) 
(rtt k } fA, = £2, Aiàp— Ou ÀgA,; 
and therefore 
qn (rqW) Qty = £2, AS — DN, ; 
that ls, a f, (£2, £3, — 24,294) = £2,4, AN, — uU, 
or 244 (A; + a2 2,2, = fü (Ay A, + 1 Aip 12,4). (179 . 2) 
Unless, then, the coefficients of 2, and 2,; are zero, we must 
have £2,4 2, = ua, 
which would mean that (rski) = 0 and that the «-way space 
was Euclidean, a ease we need not consider. We conclude that 
Ai HAPIN Qo, = 0. (179. 3) 
We thus know the ground form of the surface traced out 
by the unit vector A. 


Yr DA 
ih = oe ts’ — , 179.4 
Let ik = avv, 075 Sa ) 
where {ikt}’ is formed with reference to this ground form. 
We have AA; = 0, 
and therefore AAG, HAGA, = 0. 
Now A.,, is parallel to the normal to the surface traced out 
by A, and therefore, as A is a unit vector, is parallel to A. 
Since Meg = OPI Nypi gi, 
it follows that Asap OPI Ul = 0. (179.5) 


We thus have the equations which determine A. 
These equations may be written 
Aqu T A nA = O, (179.6) 
where a’,, denotes a coefficient in the ground form of A. As 
this ground fonn is that of a space of constant positive 
curvature we see that the system is ‘complete’. 

It follows that we can allow A, ...A, to take any initial 
values and thus we can determine 3 save as to a ‘movement’ 
in Euclidean space. 

2848 Lì 
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We have considored three ground forms ; these may be written 
— dedz = Gay dada, 
Ne 
—dzdr = Np dada, . 
a 
We saw (147.4) that the lines of principal curvature were 
given by the equations (apg — RRyq) da, = 0, 


that is now, b z, (dz — RdA) = 0, 
y p ( ) 
and as we also have A(dz—RdA) = 0, 
NEM 
we conclude that dz = RdA (179.7) 


is the equation of the line of curvature corresponding to the 
principal radius of curvature R. 
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